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^-INTERSECTION EDGE-COLORING SUBCUBIC PLANAR 

MULTIGRAPHS 


M. SANTANA 

Abstract. Given an edge-coloring of a simple graph, assign to every vertex v a set Sy 
comprised of the colors used on the edges incident to v. The fc-intersection chromatic index 
of a graph is the minimum t such that the edge set can be properly t-colored, additionally 
requiring that for every two adjacent vertices u and v, jS'uHS'.ul < k. For all fc 2, this value 
is known for subcubic planar graphs, and furthermore, these values are best possible. We 
naturally extend this definition to multigraphs with bounded edge multiplicity, and we show 
that every subcubic planar multigraph with edge multiplicity at most two has 2-intersection 
chromatic index at most 5, which is sharp. 
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1. Introduction 

All multigraphs in this paper are loopless. A proper edge-coloring of a multigraph is 
an edge-coloring in which the edges of each color class form a matching in the original 
multigraph. A strong edge-coloring, introduced by Foquet and Jolivet (see mm , is a proper 
edge-coloring in which we require the edges of each color class form an induced matching in 
the original multigraph. The {strong) chromatic index of a multigraph G is the minimum t 
for which G has a (strong) edge-coloring using t colors. 

Given an edge-coloring of a simple graph, assign to every vertex v a set Sy comprised of 
the colors used on the edges incident to v. For a fixed positive integer k, a k-intersection 
edge-coloring is a proper edge-coloring in which fj < A: for all adjacent vertices u 
and V. The k-intersection chromatic index of a simple graph G, denoted by 
minimum t for which G has a ^-intersection edge-coloring using t colors. 

The notion of ^-intersection edge-colorings was introduced in 2002 by Muthu, Narayanan, 
and Subramanian [6] and was defined as above for simple graphs. This same definition 
extends to loopless multigraphs in the natural way, however we require the edge multiplicity 
of the multigraph to be at most k, as otherwise it is not well-defined. In particular, a 
1-intersection edge-coloring exists only for simple graphs. 

For simple graphs, when k is at least the maximum degree, a ^-intersection edge-coloring 
is equivalent to a proper edge-coloring, and furthermore, a 1-intersection edge-coloring is 
equivalent to strong edge-coloring. Thus, the concept of ^-intersection edge-coloring provides 
a sequence of parameters which join the notions of proper edge-colorings and strong edge- 
colorings. 
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Recently, Borozan et al [T] show that computing NP-complete for every k > 

1. They also compute bounds on various families of graphs. In particular, 

they show that every subcubic graph G (i.e., G has maximum degree at most three) has 
X 2 _int(^) — 6 - However, it is unknown whether or not this is best possible. In this paper, we 
will restrict ourselves to subcubic planar graphs. 

By Vizing’s Theorem, every subcubic planar graph G has Xk-inti^) — ^ for k > 3, and 
this is best possible. Recently, Kostochka et al |5] show that the strong chromatic index of 
subcubic planar multigraphs is at most 9. This is best possible and verihes a conjecture of 
Faudree et al [2]. As a corollary, every subcubic planar graph G has Xi-int(^) — 9. The 
aim of this paper is to complete the spectrum of /c-intersection edge-colorings for subcubic 
planar graphs, by proving the following stronger statement. 

Theorem 1. Every subcubic planar multigraph G with edge multiplicity at most two has 
X2-int{^) — 5 - 

This is best possible by considering the complete graph on four vertices. As mentioned 
previously, 2 -intersection edge-coloring a multigraph with edge multiplicity at least three is 
not well-dehned. 

The structure and proof of Theorem [1] will follow very closely to that of Kostochka et 
al [5]. In Section 121 we provide the notation we will use. The remaining sections assume 
the existence of a minimal counterexample. Section [3] contains basic properties of a minimal 
counterexample, including the fact that it has no cycles of length three or four. Additionally, 
if two vertices of degree 2 exist on a face, then the distance between them on the boundary 
is at least hve. The lemmas in Section 0] will show that if a face has a vertex of degree 2 on 
its boundary, then the face has length at least eight. Section 0] contains two lemmas showing 
that every face of length hve is surrounded by faces of length at least seven. The proofs 
of these two lemmas are detailed and involve many pages of case analysis. For the sake of 
brevity, these details can be found in the Appendix. Lastly, Section [ 6 ] contains a discharging 
proof based on the lemmas presented in Sections [3l 0] and |5l 

2. Preliminaries and notation 

In the proof of Theorem [H we will often remove vertices or edges from a minimal coun¬ 
terexample and obtain a 2-intersection edge-coloring of the remaining multigraph. To aid 
us, we introduce some notation that we will use in our explanations. As mentioned, much 
of this notation is also found in [5]. 

Lower case Greek letters, such as a, jS, 7 , 6, will be used to denote arbitrary colors, and we 
use to denote colorings. Also an i-vertex is a vertex of degree i in our multigraph, 

and a j-face is a face of length j in our plane multigraph. An i^-vertex and j^-face is a 
vertex of degree at least i and a face of length at least j, respectively. 

A coloring of a multigraph G is good, if it is a 2 -intersection edge-coloring of G using at 
most 5 colors. A partial coloring of a multigraph G is a coloring of any subset of E{G). Let 
0 be a partial coloring of a multigraph G. For v G V{G), let lA^iy) denote the set of colors 
used on the edges incident to u. In partcular, if no edges incident to v are colored by 0, then 
ki(i){y) = 0. We say that a partial coloring 0 is a good partial coloring of G, if for any two 
adjacent vertices Vi and V2 in G, \U^{yi) nW<^(u2)| < 2 . At times we will refer to only one 
partial coloring which will not be named. In these cases we will suppress the subscripts in 
the above notation. 
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Suppose xqXi ... Xk-i is a cycle of length k whose edges are all uncolored, and let oq, ai, 
..., ttfc-i be colors. We will say that we color the cycle in order with ao, ai,..., ak-i, when 
we color XiXi+i with a*, where i is taken modulo k. 

3. Basic Properties 

Everywhere below we assume G to be a subcubic planar multigraph with edge multiplicity 
at most two contradicting Theorem [H Among all such counterexamples, we assume that G 
has fewest vertices, and over all such counterexamples, has fewest edges. G is connected, 
as otherwise we can color each component by the minimality of G, and so obtain a good 
coloring of G. As G is planar, we assume G to be a plane multigraph in all the following 
statements. That is, we consider G together with an embedding of G into the plane. 

In this section, we will show several properties of G, including that G is simple, has no 
small cycles and the distance between any two 2-vertices is at least four in G. We will end 
this section by showing that 2 -vertices are on the boundary of the same face, the distance 
between them on the boudary is at least hve. 

Lemma 2. G has no multiple edges, i.e., G is a simple graph. 

Proof. Suppose that ei and 62 are parallel edges in G with endpoints, u and v. Suppose hrst 
that u and v have a common neighbor w. By the minimality of G, G — ei — 62 has a good 
coloring. Without loss of generality lA{w) C { 1 , 2, 3}. We then color ci and 62 with 4 and 5, 
respectively. This is a good coloring of G. 

Now suppose u has a neighbor u' such that u' ^ Nciy). G' = G — {n} -|- u'v is a subcubic 
planar multigraph with edge multiplicity at most two, which has a good coloring by the 
minimality of G. Suppose that u'v is colored 1. We then impose this coloring onto G by 
coloring uu' with 1. If n had another neighbor, say v', then vv' was colored with a color 
different from 1, say 2. Our arim is to color the edges between u and v with colors from 
{3,4,5}. 

Without loss of generality, suppose 3 ^ lA{u'). If lA{y') 7 ^ {2,3,4}, color ei and 62 with 3 
and 4, otherwise color them with 3 and 5. This yields a good coloring of G and proves the 
lemma. □ 


Note that by Lemma [21 if G' is obtained from G by adding edges between distinct pairs 
of vertices, then G' will always be a multigraph with edge multiplicity at most two. We will 
use this in often to create auxiliary multigraphs smaller than G that are subcubic planar, 
and have edge multiplicity at most two. 

Lemma 3. Let f he a good partial coloring of G, and let uv G E{G) he uncolored by f. If 
either Ufj,{u) orlA^iy) is empty, then f can be extended to another good partial coloring of G 
by coloring uv. 

Proof. Without loss of generality, suppose U^{u) = 0. If n is incident to at most one colored 
edge, then we simply color uv properly, and we are done. So we may assume that n is a 
3-vertex with other neighbors Vi and V 2 , and 4>{vvi) = i for i G {1, 2}. If we cannot extend 0 
by coloring uv with 3, then either or U^{v 2 ) is {1, 2, 3}. Similarly, if we cannot extend 

0 by coloring uv with 4. So we may assume = {1, 2, 3} and U^{v 2 ) = {1, 2 ,4}. Thus, 
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we extend 0 by coloring uv with 5. □ 


Lemma 4. G has minimum degree at least 2. 

Proof. Suppose that n is a 1-vertex and u is the neighbor of v. Then G — v has a good 
coloring. This is a good partial coloring of G in which U{v) = 0. Thus, by Lemma [21 G has 
a good coloring. □ 


Lemma 5. G has no eut-vertex and no cut-edge. 

Proof. Since G is subcubic, the existence of a cut-vertex implies the existence of a cut-edge. 
Thus, it suffices to suppose that G has a cut-edge, say viV 2 . For z = 1,2, let Hi be the 
component of V1V2 containing Uj. By Lemma HI \V{Hi)\ > 2. Dehne Gi to be the graph 
consisting of Hi together with V 2 and the edge V 1 V 2 . Similarly dehne G 2 to be the graph 
consisting of H 2 together with vi and the edge V 1 V 2 . 

By the minimality of G, Gi and G 2 have good colorings, 0i and 02, respectively. We may 
assume U^^{vi) C {1,2,3}, U^^{v 2 ) C {1,4,5} with 0i(uiU2) = f> 2 {viV 2 ) = 1. Merging these 
two colorings yields a good coloring of G. □ 


Lemma 6 . //{ 61 , 62 } is an edge-cut in G, then 61 and 62 are adjacent to each other. 

Proof. If not, then we have an edge-cut {uiVi,U 2 V 2 } in G that is a matching. We may 
assume that ui and U 2 are in the same component of G — uiVi — U 2 V 2 so that we can dehne 
Hu to be the component of G — uiVi — U2V2 containing vi and V2. Let Hy = G — Hu, and 
let Gu be the graph consisting of Hu together with a new vertex u whose neighborhood is 
{'^^ 1 ^ 2 }- Similarly, let Gy be the graph consisting of Hy together with a new vertex v whose 
neighborhood is {ui,U2\. Observe that Gu and Gy are subcubic planar multigraphs, and so 
by the minimality of G, Gy and Gy have good colorings 0„ and 0^, respectively. 

Permute these colorings so that for i G {1,2}, fyiuiv) = fuipiu). If lA^^iyi) 7 ^ U^^{ui) 
and U^^{v2) 7 ^ U^„{v2), then merging these two colorings yields a good coloring of G. So 
suppose that U^^{vi) = U^^{ui) = {1,2,3} with fuiuvi) = 4)y{vui) = 1. 

Since 0„ is a good coloring, either 4 >u{uv 2 ) G { 2 , 3} or 0 „(mu 2 ) G {4, 5}. Suppose hrst that 
4 >u{uv 2 ) = 2. Suppose Utj,^{u2) = U^^{v2). If 3 G U^^{v2), then switch 3 with a color from 
{4, 5} \G 0 ^(u 2 ) va (fu- If 3 0 U^^{v2), then switch 3 with a color in {4, 5} P\U^^{v2). In either 
case, merging this new coloring with (j)y yields a good coloring of G. 

So U^Su 2 ) ^ U^Sp 2 )- Suppose ^^^(^ 2 ) = {2,4,5}. If {4,5} = 0, then switch 

3 with either 4 or 5 in 0^J. Otherwise, switch 3 with a color in {4,5} nW<^^(M 2 ) in 4>u- Now 
suppose {4, 5} nG 0 ^(u 2 ) = {4}. If 3 G then switch 3 with 4 in 0„, otherwise switch 

3 with 5 in 0„. A similar argument holds when {4, 5} nW,^„(u 2 ) = {5}, so U^X'^‘i) — {I; 2, 3}. 
By symmetry, U^X'^'i) — {1)2,3}, however we assume W<^„(m 2 ) X a contradiction. 

In all cases, we obtain either a contradiction or a new good coloring of Gu, Xu such that 
(V 2 ) X hl(i)X'^ 2 ) and U^i (ui) X So merging <fy with f'u yields a good coloring of 

G.“ 

Thus, it remains to consider when 0„(mu2) = 4. Suppose lA ^ X^^X = hl ^ X ^ X - If 5 G 
U.^X"^2), switch 5 with a color in {2,3} \ U^X'^ 2 ) in 0 m- Otherwise, switch 5 with a color in 
{2,3}nW*.(K2). 
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So U^Sv2) 7 ^ U^,{u2). Suppose W</,„(u2) = {2,3,4}. If {2,3} nU^^{u2) = 0, then switch 
5 with either 2 or 3 in (j)u- Otherwise, switch 5 with a color in {2,3} nW</,„(n 2 ) in (pu- Now 
suppose {2,3} r\U(j,^{v 2 ) = { 2 }. If 5 G U^^{y 2 ), switch 5 with 2 in Otherwise, switch 5 
with 3 in A similar argument holds when {2,3} P['U^^{y 2 ) = {3}, so U.^J^V 2 ) = {1,4,5}. 
By symmetry, lA^^{u 2 ) = {1,4,5}, however we assume U^^{u 2 ) 7 ^ W 0 ^(n 2 ), a contradic¬ 
tion. In all cases, we obtain either a contradiction or a new coloring of Gu, 4>'u such that 
7 ^ ^ 4 >Au 2 ) and 7 ^ So merging (py with cp'^ yields a good coloring of 

G. □ 

Lemma 7. G has no triangles. 

Proof. Suppose that x, y,z is a. triangle in G. Suppose hrst that a: is a 2 -vertex, and let yi 
and Zi be the potential third neighbors of y and z, respectively. By the minimality of G, 
G — x has a good coloring. Suppose that yz is colored 1 and lA{ii)WU{z) C { 1 , 2, 3}. Without 
loss of generality U{y) C {1,2}. If 1 ^ hi{z'), color xz with either 4 or 5. Otherwise, color 
xz with a color from {4, 5} \ U{z'). Without loss of generality, suppose xz is colored with 5. 
If 1 ^ U{y'), color xy with either 3 or 4. Otherwise, color xz with a color from {3,4} \ U{z'). 
This yields a good coloring of G so that every vertex in {x, y, z} is a 3-vertex. 

Let xi, yi, zi be the third neighbors of x, y, z, respectively. If xi = yi = zi, then G = K 3 , 
and we are done. So suppose yi ^ z\. G' = G — {x^y^z} + yiZi is a subcubic planar 
multigraph with multiplicity at most two. By the minimality of G, G' has a good coloring. 
We impose this coloring onto G by coloring yyi and zzi with the color used on the added 
yiZi in G'. This yields a good partial coloring of G, call it (p. 

Suppose (p{yyi) = (p{zzi) = 1. We may assume that either both yi and Zi are 2-vertices 
or that yi is a 3-vertex. In either case, suppose U^{yi) C {1,2,3}. By the existence of the 
added yiZi in G', U.^{z\) 7 ^ {1, 2 , 3}. Therefore, we can extend (p by coloring xz and yz from 
{2,3} so that xz is colored from {2,3} \ {(p{xx\)}. Without loss of generality, assume xz 
and yz are colored with 2 and 3, respectively. 

Suppose (p{xxi) G {1,2,3}. If (p{xz) ^ G,^(xi), color xy with either 4 or 5. Otherwise, 
color xy with a color from {4, 5} \ U^{x\). This yields is a good coloring of G. 

So (p{xxi) G {4,5}. Without loss of generality, suppose (p{xxi) = 4. If U^{xi) 7 ^ {2,5}, 
color xy with 5. Otherwise, color xy with 5, and then recolor xz and yz with 3 and 2 , 
respectively. In either case, we obtain a good coloring of G. □ 

Lemma 8. The distance between any two 2-vertices is at least three. 

Proof. Suppose hrst that u and v are adjacent 2-vertices in G. By Lemma [TJ u and v have 
distinct neighbors ui and vi, respectively. By the minimality of G, G — uv has a good 
coloring. We then properly color uv to obtain a good coloring of G. 

Now suppose that n is a 3-vertex with neighbors x, ?/, z such that x and y are 2-vertices. 
If z is a 2 -vertex, then by the minimality of G, G — v has a good coloring. We then properly 
color xn, yv, zv to obtain a good coloring of G. So we may assume that 2 : is a 3-vertex. 

By the minimality of G, G — xn — yv has a good coloring. Suppose that U{z) = {1, 2 , 3}, 
U{x) = {a}, and hi{ii) = {(3}. We hrst color xv with a color in {4, 5} \ {a}, and then color 
yv properly. This yields a good coloring of G. □ 
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Lemma 9. G has no separating cycle of length four or five. 

Proof. We first show that G has no 4-cycle with a 2-vertex. Suppose that XQX 1 X 2 X 3 is a 
4-cycle. Suppose Xq is a 2-vertex. By Lemma El Xq is the only 2-vertex on this 4-cycle. For 
i G {1, 2, 3}, let yi be the third neighbor of Xj. By Lemma [71 the yfs are not on this 4-cycle, 
yi 7 ^ 2 / 2 , and 2/2 7 ^ 1 / 3 . 

Let G' be formed from G be removing xo,xi,X 2 ,X 3 , adding a new vertex x and edges 
x|/i, x?/ 2 , XI/ 3 . If yi = ?/ 3 , then xyi,xy 3 are parallel edges. Regardless, G' is still a subcubic 
planar multigraph with multiplicity at most two. Thus, by the minimality of G, G' has a 
good coloring. We impose this good coloring onto G by coloring XiPi with the color on xxi 
for i G {1, 2, 3}, and without loss of generality assume Xiyi is colored i. 

We extend this to another good partial coloring of G, call it 0, by coloring XqXi with 2 
and X 1 X 2 with 3. if 3 ^ ^^( 1 / 2 ), color X 2 X 3 with either 4 or 5. Otherwise, color X 2 X 3 with a 
color from {4, 5} \ U^{y 2 ). Let a be the color used on X 2 X 3 . If a ^ color x^xq with a 

color from {1,4, 5} \ {a}. Otherwise, color x^xq with a color from {1,4, 5} \ {U^iyz) U {a}). 
This yields a good coloring of G so that G has no 4-cycle with a 2-vertex. We will use this 
to show that G has no separating 4-cycle or 5-cycle. 

If on the contrary, G has a separating 4-cycle or 5-cycle, call it G. By Lemma [71 G has 
no chords, and as G is subcubic, each vertex of G is incident to at most one edge not on 
G. Since [|J =2, by symmetry we may assume that there are at most two edges inside G 
that are incident to vertices on G (recall that G is assumed to be embedded in the plane). If 
there is exactly one such edge, then G has a cut-edge, contradicting Lemma [5] So, we have 
two such edges, which are in fact cut-edges, and by Lemma El these edges share a common 
endpoint, say m, inside of G. Now, m is a 2-vertex, as otherwise it would be a cut-vertex 
with a cut-edge. However, u together with the vertices of G has either a triangle or a 4-cycle 
containing a 2-vertex, contradicting Lemma [71 or the above, respectively. Thus, G has no 
separating 4-cycle or 5-cycle. □ 


Lemma 10. G has no f-cycle. 

Proof. Suppose that XqXiX 2 X^ is a 4-cycle in G. By Lemma [H this cycle is a 4-face and as 
is shown in the proof of Lemma [H each x* is a 3-vertex. As a result, we let yi denote the 
third neighbor of Xj. By Lemmas [71 and El the yfs are distinct and not on the 4-cycle. Let 
G' = G — {xo, Xi, X2, X3} -|- yoyi -|- y2y3- Observe that G' is a subcubic planar multigraph 
with multigraph with multiplicity at most two. Thus, by the minimality of G, G' has a good 
coloring. We impose this good coloring onto G by coloring xqI/o and Xiyi with the color 
assigned to yoyi, and coloring X 22/2 and X 3 J /3 with the color assigned to y 2 y 3 - Let (f denote 
this good partial coloring of G. 

By symmetry, we may assume that either yo and yi are both 2-vertices, or that yo is a 3- 
vertex. Now without loss of generality, assume U^iyo) C { 1 , 2, 3} with 0(xo2/o) = 4>{.xiyi) = 1. 
Thus by the existence of y^yi in G', U^{yi) 7 ^ {1, 2, 3}. We proceed based on (j){x 2 y 2 ), which 
up to relabeling, we may assume is in { 1 , 2 ,4}. 

Case 1. 0(x2|/2) = (f>{x 3 y 3 ) = 1. 

Suppose U^{ii 3 ) 7 ^ {1,4,5}. We color xqXi and X 1 X 2 with 2 and 3, respectively. If 3 ^ 
h(<t>{y 2 )j we color X 2 X 3 with either 4 or 5. Otherwise, color X 2 X 3 with a color from {4,5} \ 
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I^<t>{y 2 )- In either case, let a denote the color used on X 2 X 3 , and we color 0 : 30:0 from {4, 5}\{a}. 
This yields a good coloring of G. 

Thus, = {1,4,5}. A similar argument holds when U^pi^yi) 7 ^ {1,4,5} by coloring 

X 2 X 3 and 0 : 30:0 with 3 and 2 , respectively. So U^iyi) = {1,4, 5}. We now color Xoo:i and Xio :2 
with 4 and 2, respectively. If 2 ^ W^(?/ 2 ), we color 0 : 20:3 with either 3 or 5. Otherwise, we 
color 0 : 20:3 with a color from {3,5} \ U^{y 2 ). In either case, let (3 denote the color used on 
0 : 20 : 3 , and we color 0 : 30:0 from {3, 5} \ {/?}. This yields a good coloring of G. 

Case 2. 0 ( 0 : 21 / 2 ) = 0 ( 3 : 31 / 3 ) = 2. 

The same argument as above yields = {2,4,5}. By the existence of J/ 2//3 in G', 

W(/)( 2 / 2 ) 7 ^ {2,4,5}. Now U^{yi) = {1,4,5}, otherwise color the cycle in order with 5, 4, 5, 3. 
We now color 0 : 20:3 and x^xq with 1 and 4, respectively. If 1 0 W</,(// 2 ), we color 0 : 1 X 2 with 
either 3 or 5. Otherwise, we color X 1 X 2 with a color from {3, 5} \ lA^{y 2 )- In either case, let a 
denote the color used on X 1 X 2 , and color X 3 X 0 from {3, 5} \ {a}. This yields a good coloring 
of G. 

Case 3. 0(x2//2) = Hxsys) = 4. 

We begin by coloring xqXi, X 1 X 2 , X 3 X 0 with 2 , 3, and 5, respectively. Suppose 3 0 U^{y 2 )- 
If 5 0 U^lys), color X 2 X 3 with either 1 or 2 . Otherwise, color X 2 X 3 with a color from 
{ 1 , 2 } \ U^{y^). In either case, this yields a good coloring of G. So 3 G U^{y 2 ), and by a 
similar argument, 5 G U^iy^). 

We now color XqXi, X 1 X 2 , X 3 X 0 with 3, 2, and 5, respectively. If 2 0 W<^(j/ 2 ), color X 2 X 3 with 
a color from {1,3} \ U^{y‘i). So 2 G U^{y 2 ) and U^{y 2 ) = {2,3,4}. Also U^iy^) = {1,4,5}, 
otherwise color the cycle in order with 3, 2 , 1 , 5. This is a good coloring of G. 

lilA^iyi) 7 ^ {1,4,5}, color the cycle in order with 4, 5, 3, 2 , respectively. Otherwise, color 
the cycle in order with 4, 2 , 5, 3, respectively. These yield a good colorings of G. 

As we have exhausted all cases, this proves the lemma. □ 


In the proof of Lemma ITOl we repeat the same argument several times, and we will continue 
to do so in much of the following. Thus, for the sake of brevity we will replace this argument 
with a short statement. Let 0 be a good partial coloring of G, and let xy be a colored edge 
in G under 0 such that x is a 3 -vertex incident to exactly one uncolored edge, call it Ci. Let 
7 be the color used on the colored edge incident to x that is not xy, and let a and (3 be colors 
such that {a, ( 3 } fl { 0 (x//), 7} = 0. Lastly, let {02, ..., e^} and {e[, ..., e},} be two, possibly 
empty, collections of uncolored edges such that {02,..., 0^} H {0},..., 0),/} = 0. We will say 
that we color 01, 02,..., 0fe {and e[, 03,..., 00 ) from {a, ( 3 } with respecto to 7 and U^{y) by 
coloring 01, 02,..., 0fe with a or ( 3 , and coloring 0}, 00 ..., 00 with (3 or a, respectively. They 
way 01 is colored is as follows. If 7 0 hl^{y), we can color 01 with either a or ( 3 . Otherwise, 
we color 01 with a color from {a, ( 3 } \ U^{y). By doing so and choosing a and (3 carefully, 
this will extend 0 to another good partial coloring of G. 

Lemma 11. The distance between any two 2-vertices is at least four. 

Proof. Now suppose X 0 X 1 X 2 X 3 X 4 X 5 is a path in G where Xi and X 4 are 2-vertices. By Lemma 
El Xo,X 2 ,X 3 , and X 5 are 3-vertices. Let 7/2 and y^ be the third neighbors of X 2 and X 3 , 
respectively. By Lemmas 171 [TUI and El 1/2 and y^ are distinct, not on this path, nonadjacent, 
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and are 3-vertices. Let G' = G — {x 2 ,x^} + 2 / 21 / 3 - Observe that G' is a subcubic planar 
mnltigraph with mnltiplicity at most two. Tims, by the minimality of G, G' has a a good 
coloring. We impose this coloring onto G by coloring X 2 y 2 and x^y^ with the color nsed on 
?/ 2 |/ 3 . Let 0 denote this good partial coloring of G. 

Let a := (1){xqXi) and (3 := (l){xiX^). Withont loss of generality, snppose U^{y 2 ) = {1,2,3} 
with 0 (x 2 i/ 2 ) = 4’i.^zyz) = 1- We may also snppose that (3^2. By the existence of yiy 2 
in G', 7 ^ {1,2,3}. Therefore, we color 0 : 20:3 and 0 : 30:4 with 3 and 2 , respectively, and 

then color 0 : 10:2 with a color from {4, 5} \ {a}- This yields a good coloring of G. □ 


Lemma 12. If the boundary of a face in G contains a pair of 2-vertices, then the distance 
on the boundary between them is at least five. 

Proof. By Lemma [11], any face contradicting the statement has length at least eight and 
contains a path XQXiX 2 X 2 ,XiX^XQ snch that Xi and X 5 are 2-vertices. By Lemma HU all other 
Xi are 3-vertices, and so, for j G {2,3,4} we let yj be the third neighbor of Xj. By Lemmas 
13 El uni and HU 2/3,1/4, 2/5 cire not on this path, distinct, pairwise nonadjacent, and are 
3-vertices. 

Let G' be obtained from G by removing xi, X2, X3, X4, X5, adding a new vertex x, and 
adding the edges xy 2 , xy^, xy^, xqXq. Observe that G' is a snbcnbic planar mnltigraph with 
mnltiplicity at most two. Thns, by the minimality of G, G' has a good coloring. We impose 
this good coloring onto G by coloring x^i with the same color nsed on xxj, and coloring 
XqXi and XsXg with the same color nsed on XoXg. Let f denote this good partial coloring of 
G. 

Withont loss of generality assnme f^x^yf) = z for i e {2,3,4}, and let a := 0(xoXi) = 
^(xsXe). By the constrnction of G', 7 ^ {2,3,4}. Snppose a G {2,3,4}. We then color 

X2X3 and X3X4 with 4 and 2, respectively. Now color X4X5 from {1, 5} with respect to 2 and 
U(j){yf), and color X1X2 with a color from {1,5} with respect to 4 and lA^{y 2 ). This yields a 
good coloring of G. 

So withont loss of generality, a = 1. Snppose ^,^( 2 / 2 ) 7 ^ {2,4,5}. By the constrnction of 
G', U^iyf) 7 ^ {2,3,4}. So we color X3X4 and X4X5 with 2 and 3, respectively. We then color 
X2X3 (and X1X2) from {4, 5} with respect to 2 and lA^iy^). This yields a good coloring of G. 

So ^ 0 ( 1 / 2 ) = {2,4,5}, and by a symmetric argnment U^iyf) = {2,4,5}. We now color 
X 1 X 2 , X 2 X 3 , X 4 X 5 with 4, 1, 3, respectively, and color X 3 X 4 from {2,5} with respect to 1 and 
U^iy^). This yields a good coloring of G. □ 


4. Faces Without 2-Vertices 

In this section, we show that if a face has a 2-vertex, then that face mnst have length at 
least eight. 

Lemma 13. Every vertex of a 5-eyele in G is a 3-vertex. 

Proof. By Lemma (9] it snffices to consider 5-faces. Snppose on the contrary that X 0 X 1 X 2 X 3 X 4 
is a 5-face in G and Xq is a 2 -vertex. Lemma fTTl implies that each x* other than xq has a third 
neighbor z/j. By Lemmas HI El and HH] these yt are distinct, not on onr cycle and pairwise 
nonadjacent except for possibly z/iZ/ 4 . Fnrthermore, each yi is a 3-vertex by Lemma HU 


Let G' = G — {xq,xi,X 2 ,x^,X 4 } + yiy 2 + y^y^- Observe that G' is a subcubic planar 
multigraph with multiplicity at most two. Thus, by the minimality of G, G' has a good 
coloring. We impose this coloring onto G by coloring xiyi and 0 : 22/2 with the color used on 
2 /i 2 / 2 , and coloring 0 : 32/3 and 0 : 42/4 with the color used on 2/32/4- Let 0 denote this good partial 
coloring of G. 

Without loss of generality, suppose = {1, 2, 3} with 0 ( 0 : 32 / 3 ) = 0 ( 0 : 42 / 4 ) = 1. By the 

construction of G', U^iyi) 7 ^ {1, 2 , 3}. 

Case 4. 0(o:i2/i) = 0 ( 0 : 22 / 2 ) e {1,2}. 

Suppose U^{y 2 ) 7 ^ (1,4, 5}. Color 0 : 90 : 1 , 0 : 30 : 4 , 0 : 40:9 with 3, 3, 2, respectively. We then color 
0 : 10:2 (and 0 : 20 : 3 ) from {4, 5} with respect to 3 and U^{yi). This yields a good coloring of G. 

So ^ 0 ( 2 / 2 ) = {1,4,5}, and by the contraction of G, W<^( 2 /i) 7 ^ {1,4,5}. Now ^^( 2 / 4 ) = 
{1,4,5}, otherwise color the cycle in order with 4, 5, 3, 4, 5. We then color the cycle in 
order with 4, 5, 3, 4, 2 . These are good colorings of G and prove the case. 

Case 5. 0(xi2/i) = 0 (^ 2222 ) = 4. 

Suppose U^iyi) 7 ^ {1, 2,4}. Color X 2 X 3 , X 3 X 4 , X 4 X 9 with 5, 2, 3, respectively. We then color 
X 1 X 2 (and X 9 X 1 ) from { 1 , 2 } with respect to 5 and ^^( 2 / 2 ). This yields a good coloring of G. 

So U^iyi) = {1,2,4}. Color xqXi, X 1 X 2 , X 2 X 3 , X 3 X 4 with 3, 1, 2, 3, respectively. We then 
color X 4 X 9 from {4, 5} with respect to 3 and U^{y^- This yields a good coloring of G. □ 


Lemma 14. Every vertex of a 6-cycle in G is a 3-vertex. 

Proof. Suppose that G has a 6 -cycle G given by X 9 X 1 X 2 X 3 X 4 X 5 on which X 9 is a 2-vertex. By 
Lemma [121 X 9 is the only 2 -vertex of G. 

Case 1. G is a separating 6-cycle. 

By Lemmas 1711^ and ITUl G has no chords. As G is subcubic, each vertex of G is incident 
to at most one edge not on G. Since [|J = 2 , by symmetry we may assume that there 
are at most two edges inside G that are incident to vertices on G (recall that G is assumed 
to be embedded in the plane). If there is exactly one such edge, then G has a cut-edge, 
contradicting Lemma O So, we have two such edges, and by Lemma [ 6 ] these edges share a 
common endpoint, say u, inside of G. Now, m is a 2 -vertex, else it is a cut-vertex with a 
cut-edge. However, u together with the vertices of G contains either a triangle, a 4-cycle, or 
a 5-cycle containing a 2 -vertex, contradicting Lemmas [71 [TOl [9l or [131 respectively. 

Case 2. G is not a separating 6-cycle. 

Recall that G is assumed to be embedded into the plane. Thus G must be the boundary 
of a 6 -face. As mentioned above, each Xi, other than xg, is a 3-vertex and so has a third 
neighbor 2 /i. We claim that these yfs are distinct, pairwise disjoint and not on G. Indeed, 
if any 2 /i was on G, we would create either a triangle or 4-cycle, contradicting Lemmas [7] 
and [TOl For i G {1,2, 3,4}, if 2 /i = yi+i, we have a triangle contradicting Lemma [71 For 
i G {1,2, 3, 5} taken modulo 5, if yt = 2 / 1 + 2 , we have a 4-cycle contradicting Lemma [TOl 
For i G {1,2}, if 2/i = 2/i+3, then 2 /iXjXj+iXj+ 2 Xj+ 32 /i +3 is a separating 5-cycle contradicting 
Lemmaini Thus, the yfs are distinct. For i G {1, 2, 3,4}, if 2/i2/i+i ^ -^(G*), we have a 4-cycle 
contradicting Lemma [TUI For i G {1,2,3} if 2 /i 2 /i +2 ^ E{G), we have a separating 5-cycle 
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contradicting Lemma [H If y^yi G E{G), then yiXiXox^y^yi is a 5-cycle containing a 2-vertex 
contradicting Lemma [IS For i e {1,2} if yiyi +3 G E{G), then yiXiXi+iXi+ 2 Xi+ 3 yi+ 3 yi is a 
separating 6 -cycle contradicting Case 1. Thus, the ?/j’s are pairwise disjoint. Furthermore, 
by Lemma [m the only possible 2-vertex amongst the i/j’s is y^. 

Now, let G' be the plane graph formed from G by removing xq, Xi,X 2 , X 3 , X 4 , X 5 , and adding 
the edges yiy 2 and y^y^. Observe that G' is a subcubic planar multigraph with multiplicity 
at most two. Thus, by the minimality of G, it has a good coloring. We can impose this 
coloring onto G by coloring xij/i and X 22/2 with the color used on ?/ij/ 2 , and coloring X 4 I/ 4 , x^y^ 
with the color used on J/ 4 J/ 5 . Call this good partial coloring of G, (j). 

Without loss of generality, assume 0 (x 4 |/ 4 ) = (fy^x^y^) = 1 and = {1,2,3}. By the 

existence of y^y^ in G', U^iy^) 7 ^ {1,2,3}. Let a := ^(xsj/s). 

Subcase 2.1. 0(xi2/i) = 4){x2y2) = 1- 

Without loss of generality, we may assume that a 7 ^ {2,5}. Suppose U^iyz) 7 ^ {«,2,5}. 
Color X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 with 2, 5, 3, 2, respectively. We then color X 1 X 2 from {3,4} with 
respect to 2 and U^{y 2 ). Let (3 G {3,4} denote the color used on X 1 X 2 . We then color xqXi 
from {3,4, 5} \ {/9} with respect to {3 and U^iyi). This yields a good coloring of G. 

So U^iyz) = { 0 , 2 , 5 }. If a = 1, color X 2 X 3 and X 3 X 4 with 4 and 5, respectively. We then 
color X 1 X 2 from {2,5} with respect to 4 and U^{y 2 )- Let 7 denote the color used on X 1 X 2 , 
and color xqXi from {2,3,5} \ {7} with respect to 7 and U^iyi). We then color X4X5 and 
X 5 X 0 properly from { 2 , 3}. This yields a good coloring of G. 

So a G {3,4}, and there exists a such that {a, a} = {3,4}. Color X 2 X 3 and X 3 X 4 with 
a and 5, respectively. We then color X 1 X 2 from {2,5} with respect to a and U^{y 2 )- Let 
7 G {2, 5} denote the color used on X 1 X 2 , and color xqXi from {a, 2, 5} \ {7} with respect to 
7 and U^iyi). We then color X 4 X 5 and X 5 X 0 properly from {2, 3}. This yields a good coloring 
of G. 

Subcase 2.2. 0(xi2/i) = 4){x2y2) = 2. 

Subcase 2.2.1. a G {1,2}. 

Suppose U^iy^) 7 ^ {a, 4, 5}. Color X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 with 5, 4, 3, 2, respectively. Color 
X 1 X 2 from {1, 3} with respect to 5 and lA^{y 2 )- Let {3 denote the color used on X 1 X 2 . We then 
color XqXi from {1,3,4} \ {/?} with respect to {3 and lA^iyi). This yields a good coloring of 

G. 

So Utj,{y^) = {a, 4, 5}. Suppose U^{yi) 7 ^ {2,4,5}. Color X 2 X 3 , X 4 X 5 , X 5 X 0 with 3, 2, 3, 
respectively. Color X 1 X 2 (and xqXi and X 3 X 4 ) from {4, 5} with respect to 3 and U^{y 2 )- This 
yields a good coloring of G. 

So U^{yi) = {2,4,5}. Color xqXi,X 2 X 3 ,X 4 X 5 ,X 5 X 0 with 1, 3, 2, 3, respectively. We then 
color X 1 X 2 (and X 3 X 4 ) from {4, 5} with respect to 3 and U^{y 2 )- This yields a good coloring 
of G. 

Subcase 2.2.2. a = 3. 

Suppose U^iyz) 7 ^ {3,4,5}. Color X 1 X 2 , X 4 X 5 , X 5 X 0 with 1, 3, 2, respectively. Color X 2 X 3 
(and X 3 X 4 ) from {4,5} with respect to 1 and U^{y 2 ). Let (3 denote the color used on X 2 X 3 , 
and color xqXi from {3,4, 5} \ {(3} with respect to 1 and lA^iyi). This yields a good coloring 
of G. 
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So U^iyz) = {3,4, 5}. Suppose U^{yi) 7 ^ { 2 ,4, 5}. Color X 2 X^, x^^x/^, X 4 X 5 , X 5 X 0 with 1 , 4, 2 , 
3, respectively. Color 0 : 10:2 (and xoo:i) from {4,5} with respect to 1 and U^{ii 2 )- This yields 
a good coloring of G. 

So W<^(l/i) = {2,4,5}. Then ^ 0 ( 1 / 2 ) = {1,2,3}, otherwise color the cycle in order with 4, 
3, 1, 4, 2, 3. This is a good coloring of G. We then color 0 : 00 : 1 , 0 : 1 X 2 , ^ 20 : 3 , 0 : 40:5 with 3, 4, 
1, 2, respectively. We then color X 5 X 0 (and X 3 X 4 ) from {4,5} with respect to 2 and 
This yields a good coloring of G. 

Subcase 2.2.3. a G {4,5}. 

Let a be such that {a, a} = {4, 5}. Suppose Utfoivs) 7 ^ {3,4, 5}. Color X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 
with 3, a, 3, 2, respectively. Now color X 1 X 2 from {4,5} with respect to 3 and W</,(|/ 2 ). Let 
(3 denote the color used on X 1 X 2 . We then color xqXi from {1,4,5} \ {/?} with respect to (3 
and lA^iyi). This yields a good coloring of G. 

So U^iyz) = {3,4,5}. Color X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 with 1, d, 3, 2, respectively. Now color 
X 1 X 2 from {4, 5} with respect to 1 and U^{y 2 )- Let 7 denote the color used on X 1 X 2 . We then 
color xqXi from {3,4,5} \ {7} with respect to 7 and This yields a good coloring of 

G. 

Subcase 2.3. 0(xi|/i) = <p{x 2 y 2 ) = 4. 

Subcase 2.3.1. a G {1,4,5}. 

If a = 5, suppose U^iyz) 7 ^ {2,4,5}. Color X2X3, X3X4, X4X5, X5X0 with 2, 4, 3, 2, respec¬ 
tively. Now color X 1 X 2 from {1, 3} with respect to 2 and U^{y 2 )- Let {3 denote the color used 
on X 1 X 2 , and color xqXi from {1, 3, 5} \ {/?} with respect to (3 and Utpiyi). This yields a good 
coloring of G. 

If a G {1,4}, suppose 7 ^ {a, 2, 5}. Color X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 with 2, 5, 3, 2, 

respectively. Now color X 1 X 2 from {1,3} with respecto to 2 and U^{y 2 ). Let 7 denote the 
color used on X 1 X 2 , and color xqXi from {1,3,5} \ {7} with respect to 7 and U^iyi). This 
yields a good coloring of G. 

Subcase 2.3.2. a G {2,3}. 

Let a be such that {a, a} = {2,3}. Suppose lA^iyz) 7 ^ {2,3,5}. Color X 2 X 3 , X 3 X 4 , X 4 X 5 
with d, 5, a, d, respectively. Now color X 1 X 2 from {1,5} with respect to d and hi^{y 2 )- Let 
(3 denote the color used on X 1 X 2 , and color xqXi from { 1 , a, 5} \ {(3} with respect to (3 and 
U^iyi). This yields a good coloring of G. 

So U^iyz) = {2,3,5}. Suppose U^{y 2 ) 7 ^ {l,a,4}. Color X 1 X 2 , X 2 X 3 , X 3 X 4 , X 4 X 5 , X 5 X 0 with 
a, 1, 5, d, a, respectively. We then color xqXi from {d,5} with respect to a and lA^iyi). 
This yields a good coloring of G. 

So U^{y 2 ) = {l,<a,4}. We then color the cycle in order with a, 1, 5, 4, a, d. This is a 
good coloring of G. 

This exhausts all cases and proves the lemma. □ 


Lemma 15. Every vertex of a 7-face in G is a 3-vertex. 


Proof Recall that G is assumed to be embedded into the plane. Suppose on the contrary 
that G has a 7-face with boundary xqXiX 2 ... Xg with xq being a 2-vertex. By Lemma [T21 
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each Xi other than xq has a third neighbor yi ^ {xj_i,Xj+i} where i is taken modulo 7 . 
Similarly to Case 2 of Lemma [HI Lemmas [TJ HOl [H [ 13 ] and [H imply that the yts are not 
on the 7 -face, are distinct and the only possible adjacencies other than those on this face or 
Xiyi, i e { 1 , 2 , 3 , 4 , 5 , 6 }, are I/1I/4,1/22/5,1/32/6• In particular, 2/22/6,2/12/5 ^ E{G) by Lemma[Il 

Let G' be obtained from G by removing xq, Xi,... ,Xq and adding the edges 2/12/2, 2/32/4, 2/52/6- 
Observe that G' is a sub cubic planar multigraph with multiplicity at most two, and so by 
the minimality of G, it has a good coloring. We impose this coloring onto G by coloring Xi2/i 
and X22/2 with the color used on 2/12/2, coloring X32/3 and X42/4 with the color used on 2/32/4, 
and coloring X52/5 and x^ye with the color used on 2/52/6- Without loss of generality assume 
(j){xiyi) = (j){x2y2) = 1 - 

Case 1. (0 (x32/3),0(x52/5)) = (1,1)- 

We proceed in each of the following cases attempting to color our cycle in some order. Color 
X1X2 with Q!i 2 ^ We then color X2X3 with Q!23 ^ {U^{y2) U {q!i 2})- For i G ( 3 , 4 , 5 , 6} 

taken modulo 7 , we color XjXj+i from ( 1 , 2 , 3 , 4 , 5 } \ { 1 , ap_2){i-i), a(j_i)j} with respect to 
and U^{yi), and let ajp+i) denote the color used on XjXj+i. 

Thus, it only remains to color xqXi. Since ai2 ^ U^{yi), it suffices to color xqXi with a 
color not in {aeo, «i2, ^23, 1 }- This yields a good coloring of G. 

Case 2. (0(x32/3), 0(x52/5)) = (1,2). 

In this case, we begin by coloring X5X6 with ^ U{ 1 }). We then color X4X5 from 

( 1 , 2 , 3 , 4 , 5 } \ {1,2,056} with respect to 050 and lA^iy^). Let 045 denote the color used on 
X4X5. We now color X2X3, X1X2, xqXi, xeXo in this order, in a manner similar to the previous 
case. This yields a good coloring of G. 

Case 3. ( 0 ( 0 : 32 / 3 ), 0 ( 2 ^ 52 / 5 )) = (2,0)- 

Up to relabeling, we may assume that 0 G { 1 , 3 }. In this case, we begin by coloring 
X1X2 with 012 0 (^?i(2/i) C { 2 }). We then color X2X3 from { 1 , 2 , 3 , 4 , 5 } \ {1,2,012} with 
respect to O12 and U^{y2). Let O23 denote the color used on X2X3, and color X3X4 from 
{ 1 , 2 , 3 , 4 , 5 } \ { 2 , 023 , 0 } with respect to 023 and This results in a good partial 

coloring of G. Call it a. 

Suppose that we can continue our good partial coloring of G by coloring X4X5 with some 
045. We now color X 5 X 6 from { 1 , 2 , 3 , 4, 5 } \ { 2 , 045, 0} with respect to 045 and Uaiy^)- Let 
O56 denote the color used on X5X6. We then color xeXo from { 1 , 2 , 3 , 4 , 5 } \ {045, Q!56, 0 } with 
respect to a^Q and U„{yQ). We end by coloring xqXi with a color not in { 1 , Q!i2, Q!23, Q:6o}- 
This yields a good coloring of G. 

So we assume that we cannot extend a when attempting to color X4X5. As a result, 
034 G Uaiyi), otherwise we could color X4X5 with a color not in { 2 , 0 , 023, 034}. Similarly, if 
|7 /o-(2/4) U {023, 0 }| < 4 , we can color X4X5 with a color not in W(t( 2 / 4 ) U {023, 0 }- Thus, 2/4 is 
a 3 -vertex with Ua{yi) = { 2 , 034,7}, where 7 is such that { 1 , 2 , 3 , 4 , 5 } = { 2 , 0 ,7, 023, 034}. 

We now uncolor X3X4 and relabel our colors so that {0:34, 7} = {71,72}- So { 2 , 0 , 71, 72, 023} 
{ 1 , 2 , 3 , 4 , 5 }. Suppose U^iys) 7^ {2,0,023}. We then color X3X4 with 0 , X5X6 with a color 
0:56 ^ W</i(2/5) U { 2 }, and X4X5 with a color 045 G {71,72} \ {0:56}- This yields a good partial 
coloring of G that we can extend to XeXo and XqXi as in the previous cases. 

So 7 /</,( 2 / 3 ) = {2,0,023}, and in particular, 0 G 7 /<^( 2 / 3 ). Now, if we attempt to color our 
cycle starting from X5X6 instead of X1X2, a symmetric argument implies that 1 G U^iyi). 
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That is, 1 G { 71 , 72 }- Since {2,/9, 023 , 71 , 72 } = {1,2, 3,4, 5} and (3 G {1,3}, this implies 
that (3 = 3. Without loss of generality, we may assume 71 = 1 ,72 = 4, 023 = 5. This implies 
that ai 2 G {3,4}. 

Suppose ^ 0 ( 2 / 2 ) 7 ^ {1, 3, 4}. We still assume that Xia :2 is colored with ai 2 ^ {U^iih) U{2}). 
However, we recolor 0:20:3 with the color from {3,4} \ { q ; i 2}- We then color 0:30:4 and 0:40:5 
with 1 and 5, respectively. This is a good partial coloring of G from which we can color 
X 5 Xq,XqXo,XoXi as in the previous cases. 

SoU^{y 2 ) = {1,3,4}, and by symmetry ( 1 / 5 ) = {1,3,5}. Color 0:10:2,0:20:3,0:30:4,0:40:5,0:50:5 
with 5, 4, 1, 5, 2, respectively. We then color 0 : 50:1 from {2, 3} with respect to 5 and 
and color 0 : 50:0 from { 1 ,4} with respect to 2 and U^^ye). This yields a good coloring of G. □ 


5. Adjacent Faces 

By the lemmas in Section [3l every face in G is a 5’''-face. In this section we show that if 
a face has length hve, then it can only be adjacent to 7’''-faces. The proofs of these lemmas 
are simply detailed case analysis. Thus, for the sake of readibility, we omit these details, 
which can be found in the Appendix. 



Figure 5.1. Forming G' from G 
Lemma 16. No two 5-faces in G share an edge. 

Proof. Suppose the contrary. By Lemma IT^ the boundaries of the two faces form an 8 -cycle, 
XqXi ... 0:7 with x^Xq G E{G). By Lemmas [TJ |9l [TOl and [131 each x* other than X4, Xq has 
a third neighbor yi not on the 8 -cycle that are distinct from each other, except possibly 
j /2 = ye. Additionally, the only possible adjacencies between the j/ds are yiyj for i G {1, 2, 3} 
and j G {5, 6 , 7}. 
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Let G' denote the graph obtained from G by removing xq, ... ,X 7 , adding two new vertices 
u,v and the edges uyi,uy 2 ,uy 3 ,vy 5 ,vyQ,vy 7 (see Figure [5?T]) . Observe that G' is a subcubic 
planar multigraph with multiplicity at most two, and so by the minimality of G, G' has a 
good coloring. We impose this coloring onto G by coloring Xiyi with the same color as uyi 
for i G {1, 2, 3} and Xjyj with the same color as vyj, for j G {5, 6 , 7}. Let -0 denote this good 
partial coloring of G. 

By the construction of G", \{'il){xiyi) : i G {1,2,3}}| = \{'ip{xiyi) : i G {5,6, 7}}| = 3. So 
we can further extend our good partial coloring by coloring x^x^ and x^x^ with %lj[x 7 y 7 ) and 
'il^ix^y^), respectively. By Lemma [3l we can color xjXq and 0 : 4 X 5 as well. Call this extended, 
good partial coloring of G, cj). Thus, in remains to color the edges of the 5-cycle X 0 X 1 X 2 X 3 X 4 . 

Without loss of generality, we may assume that 0(xij/i) = 1 and ^(xsi/a) = 2, and let 
a := (^{xjXo) and (3 := 0 (x 4 X 5 ). By the construction of G', {1, 2, 0 (x 22 / 2 )} ^ ^ ^ 

{1,2,3}}. Note that under 0, U^ix^) \ {/3} = U^{x 7 ) \ {a} = {^(xsi/s), 0 (x 7 |/ 7 )}. Up to 
relabeling colors, we may assume that {^(xsj/s), (ffixjy^)} G {{1, 2}, {1, 3}, {4, 5}}. 

In almost every situation, we can extend 0 to a good coloring of G by case analysis, the 
details of which can be found in the Appendix. Thus, we will only consider the situations in 
which we cannot extend 0 to a good coloring of G. 

When { 0 (x 5 ?/ 5 ), (^{x^yj)} = {1, 2}, we can always extend 0 to a good coloring of G. 

When {^fxsUs), 0 (x 7 'U 7 )} = {1,3}, we can always extend 0 unless <i>(x 2 y 2 ) = 3, {a,B\ = 
{4, 5}, U 4 ,{yi) = {1,4, 5}, = {3,4, 5}, and W<^(i/ 3 ) = {1, 2, a}. 

In this situation, we will reconsider the good partial coloring of G ^jj. By the construction 
of G', 0 (x 62/6) e {2,4,5}. Without loss of generality, assume a = (^{xjXo) = 4 and (3 = 
0 (x 4 X 5 ) = 5. Thus, ^(xei/e) = 2. If 7 ^ {1,3,4}, we could recolor X 4 X 5 with 4. 

However, when a = /3, we can extend 0 to a good coloring of G. So U^iy^) = {1, 3,4}, and 
similarly, U^{y 7 ) = {1,3,5}. 

We now proceed by reconsidering the good partial coloring of G 0. Recall that under 0 
the edges of the cycle xqXi .. .X 7 along with the edge X 4 X 0 are the remaining uncolored edges. 
Thus, when we ‘color the cycle in order’ we color the edges xqXi, X 1 X 2 ,..., xqXt, xjXq in this 
order. 

Suppose U.^{yQ) 0 {2,3,5}. If ( 0 (x 5 |/ 5 ), 0 (x 7 |/ 7 )) = (1,3), color X 4 X 0 with 1 and color the 
cycle in order with 3, 2, 5, 4, 5, 3, 5, 4. If (0(x52/5), 0 (x 7 j/ 7 )) = (3,1), color X 4 X 0 with 2 and 
color the cycle in order with 3, 2, 5, 4, 1, 5, 3, 4. In either case, this is a good coloring of G. 

So U.^{yQ) = {2,3,5}. If ( 0 (x 5 |/ 5 ), 0 (x 7 j/ 7 )) = (1,3), color X 4 X 0 with 1 and color the cycle 
in order with 2, 5, 1, 3, 5, 4, 1, 4. If ( 0 (x 5 |/ 5 ), 0 (x 7 |/ 7 )) = (3,1), color X 4 X 0 with 4 and color 
the cycle in order with 2, 5, 1, 3, 5, 1, 4, 3. In either case, this is a good coloring of G. This 
proves the case when { 0 (x 5 |/ 5 ), 0 (x 7 |/ 7 )} = {1,3}. 

When {0(x5?/5), 0(x7|/7)} = {4,5}, we can always extend 0 to a good coloring of G, 
unless up to relableing colors and symmetry, one of two situations occurs. The hrst is when 
0 ( 3 ^ 21 / 2 ) = 3, (a,0) = (1,3), U^iyi) = {1,4,5}, and U^{y 2 ) = {3,4,5}. The second is when 
0 ( 3 ^ 21 / 2 ) = 5, (a,0) = (1,3), U^{yi) = {1,3,4}, and U^{y 2 ) = {3,4,5}. In both cases, we 
reconsider 0 as above. 

In a manner similar to the above, we deduce that U^iy^) = {1,4,5}, U^iyr) = {3,4,5}, 
and 0 (x 62/6) = 2. We now recolor the edges of the cycle xqXi .. .X 7 and the edge X 4 X 0 . 
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If (V’(a; 52 / 5 ), V’(a; 7 l/ 7 )) = (5,4), suppose 7 ^ {2,3,5}. ThencoXoi xqXi,xiX 2 , 

X 5 XQ, xqXj, X 7 Xo,X 4 Xo with 5, 2, 1, 4, 3, 5, 1, 3, respectively, and color X 2 X 3 from {4,5} with 
respect to 1 and U^^ys). This yields a good coloring of G. 

So U^iyo) = {2,3,5}. We then color XQXi,XiX 2 ,X 2 ,X 4 ^,XiX^,x^XQ,XQX 7 ,X 7 XQ,XiXQ with 4, 
2, 1, 3, 4, 1, 5, 2, respectively, and color X 2 X^ from {4, 5} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

A similar argument holds for (■^(xsT/s), V’( 2 : 72 / 7 )) = (4,5) when considering whether or not 
Utpiyo) is {2, 3,4} by switching the roles of 4 and 5. This proves the hrst subcase. 

In the second subcase, we again reconsider the good partial coloring of G '0- As above, 
we deduce that U^iy^) = {1,4, 5}, ^ 0 ( 2 / 7 ) = {3,4,5}, and (ffix^y^) = 2. We now recolor the 
edges of the cycle xqXi ... xy and the edge X 4 X 0 . 

If (i/’(x 52 / 5 ),^/’(x 72 / 7 )) = (5,4), suppose U^{y&) 7 ^ {1,2,4}. Then color xoXi,XiX 2 , X 3 X 4 , 
X 4 X 5 , x^Xq, XqXj, X 7 X 0 , X 4 X 0 with 3, 2, 4, 3, 4, 1, 5, 1, respectively, and color X 2 X 3 from {1,3} 
with respect to 4 and U^{y^). This yields a good coloring of G. 

So U^iyo) = {1,2,4}. We then color xqXi, X 1 X 2 , X 3 X 4 , X 4 X 5 , X 5 X 6 , XgXy, XyXo, X 4 X 0 with 5, 
2, 1, 4, 3, 5, 1, 3, respectively, and color X 2 X 3 from {3,4} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

If (7 />(x52/5),^/’(x 72/7)) = (4,5), suppose U^iyo) 7 ^ {1,2,5}. Then color xqXi,X 1 X 2 ,X 3 X 4 , 
X 4 X 5 , x^xq, xqXj, X 7 X 0 , X 4 X 0 with 3, 2, 4, 3, 5, 1, 5, 4, 1, respectively, and color X 2 X 3 from 
{1, 3} with respect to 4 and ^^( 2 / 3 ). This yields a good coloring of G. 

So U^{y&) = {1,2,5}. We then color xqXi,X 1 X 2 ,X 3 X 4 ,X 4 X 5 ,X 5 X 6 ,XgXy,XyXo,X 4 X 0 with 4, 
2, 1, 5, 3, 4, 1, 3, respectively, and color X 2 X 3 from {3,4} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

Thus, in each of the three cases, we obtain a good coloring of G. This proves the lemma. 

□ 


Lemma 17. No 5-face in G can share an edge with a 6 -face. 

Proof. Suppose that a 5-face and a 6-face share an edge. By Lemmas [7] and [13], their 
boundaries form a 9-cycle, xqXi .. .xg so that X 5 X 0 € E{G) . By Lemmas [13] and HU each x* 
is a 3-vertex. Additionally, Lemmas [71 [91 and [TOl imply that each x* other than X 5 ,xo has a 
third neighbor 2/i not on the 9-cycle. By these same lemmas, the yfs are distinct from one 
another except possibly 2/7 G { 1/25 2 / 3 }, and furthermore 2 / 12 / 252 / 32/4 ^ E{G). 

Let G' denote the graph obtained from G by deleting Xo,Xi ,... ,Xs, adding a vertex x, 
and adding the edges 2 / 12/25 2 / 32/45 2 : 2/65 2 : 2/75 2 : 2/8 (see Figure ETj)- Observe that G' is a subcubic 
planar multigraph with mutliplicity at most two, and so by the minimality of G, G' has a 
good coloring. We impose this coloring onto G by coloring xiyi and X 22/2 with the color used 
on 2 / 12/25 coloring X 32/3 and X 42/4 with the color used on 2 / 32/45 and for i G {6,7,8}, coloring 
Xiyi with the color used on x//*. Let denote this good partial coloring of G. 

By the construction of G", | 

psi^Xiyf) : i G { 6 , 7, 8 }| = 3. So we can further extend our good partial coloring by coloring 
XgXy and xyXg with fj^xgys) and fj^Xey^), respectively. By Lemma [3] we can further extend 
this by coloring xgXo and XsXg. Let 0 denote this good partial coloring of G. Thus, it only 
remains to color the edges of the 6 -cycle, X 0 X 1 X 2 X 3 X 4 X 5 . 
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Without loss of generality, suppose 0(xi|/i) = 0 ( 0 : 22 / 2 ) = 1, and let a := (j){x8Xo) and 
(3 := (^{x^xq). Up to relabeling colors and symmetry, we may assume that 0 ( 0 : 32 / 3 ) = 
0(x 42/4) e {1, 2}. Note that U^{xs) \ {a} = U^{xq) \ {0} = {0(o:62/6), 0(o:82/8)}- 

Unlike in the proof of Lemma [T6l we can always extend 0 to a good coloring of G by case 
analysis, the details of which can be found in the Appendix. Thus we assume the lemma 
holds. □ 


6. Proof of Theorem [U 

We are now ready to prove Theorem [1] via discharging using the lemmas from Sections [3l 
[Hand [5], 

Proof. By Euler’s formula, 

5] (2<i(t.)-6)+ W) - 6) =-12. 

i>eV(G) /eF(G) 

Thus, if we assign to each vertex v the initial charge 2d{v) — 6 and to each face / the initial 
charge d{f) — 6, then the overall charge will be —12. We now redistribute charges among 
faces and vertices so that the hnal charge of every face and every vertex is nonnegative, a 
contradiction. 

Discharging Rules: 

(Rl) Every 2-vertex receives 1 from each incident face. 

(R2) Every 5-face receives | from each adjacent face. 
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By Rule (Rl), at the end of discharging, each 2-vertex will have charge —2 + 1 + 1 = 0. 
The charge of each 3-vertex does not change and remains 0. 

By Rule (R2) and Lemmas fT^ and fT6l the hnal charge of every 5-face is5 — 6 + 5x-f = 0. 
By Lemmas [TT] and [T71 each 6-face gives no charge. Thus, as it starts with zero charge 
and does not receives any charge, the hnal charge is zero. 

By Lemmas dS] and Uni each 7-face contains only 3-vertices and is adjacent to at most 
three 5-faces. Thus, the hnal charge is at least 7 — 6 — 3x| = |. 

By Lemmas [inland [121 each fc-face, fc > 8, is adjacent to at most [|J 5-faces and contains at 
most [|J 2-vertices on its boundary. Thus, the hnal charge is at least k — 6— [|J x 1— [|J x i, 
which is positive for k > 8. 

This completes the proof. □ 

Future Questions. Many analogous questions asked concerning the strong chromatic index 
of graphs can be asked regarding the ^-intersection chromatic index as well (see 0). As it 
pertains to the 2-intersection chromatic index of subcubic graphs, if a subcubic graph G has 
the property that every 3-vertex is adjacent to only 2-vertices, then X 2 -int(^) = x{G). So we 
may assume that G has two adjacent 3-vertices. This implies that X 2 -int(^) — 4- This begs 
the following question: what type of graph must G be to force X 2 -int(^) = 4? 

Acknowledgment. The author wishes to thank Alexandr V. Kostochka and Thomas Ma¬ 
honey for their helpful discussions. 
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Appendix 


In this section we provide the detailed proofs of Lemmas [16] and [T71 

Proof of LemmaUM We assume and 0 to be as described in the proof of Lemma [16] in 
Section [5] Thus, in order to extend 0, it remains to color the edges of the cycle a:oa^ia^ 2 a; 3 a; 4 . 
As a result, when we ‘color the cycle in order’ we color the edges xqXi, xiX 2 , X 2 X 3 , X 3 X 4 , x^xq 
in this order. 

We will break the following argument into cases depending on Ufj){x 7 ) \ {a}, and within 
each case we consider the values of a and 0. While each argument is relatively short, we 
will oftentimes state and prove claims to aid in the readability. 

Case 1. U^{x^) \ {a} = {1, 2}. 

In this case we may assume without loss of generality that 0 ( 0 : 21 / 2 ) = 3. 

Subcase 1.1. a = (3 = 3. 

Claim. = {1,2,5}. 

Proof. Suppose 7 ^ {1,2,5}. Also suppose U^iyi) 7 ^ {1,2,4}. Color X 2 X 3 ,X 3 X 4 ,X 4 Xo 

with 5, 1, 5, respectively. Then color 0 : 10:2 (and 0 : 00 : 1 ) from {2,4} with respect to 5 and 
^ 0 ( 1 / 2 ). This yields a good coloring of G. 

So = {1,2,4}. Suppose 7 ^ {1,2,4}. Color 0 : 20 : 3 , 0 : 30 : 4 , 0 : 40:0 with 4, 1 , 4, 

respectively. Then color 0 : 40:2 (and 0 : 00 : 4 ) from {2,5} with respect to 4 and ^ 0 ( 1 / 2 ). This 
yields a good coloring of G. 

So U^iyz) = {1,2,4}. Color 0 : 00 : 4 , 0 : 40 : 2 , ^ 30 : 4 , 0 : 40:0 with 2 , 5, 5, 4, respectively, and then 
color ^ 20:3 from {1,4} with respect to 5 and ^ 0 ( 1 / 2 ). This yields a good coloring of G. □ 

A similar argument shows that U^{y 3 ) = {1,2,4} by switching the roles of 4 and 5. This 
contradicts the above claim and proves the subcase. 

Subcase 1.2. a = 0 = 4. 

Suppose 7^ {1,2,5}. Also suppose U^{y 2 ) 7^ {3,4,5}. Color 0:40:2,0:20:3,0:30:4,0:40:0 

with 4, 5, 1, 5, respectively, and color 0 : 00:4 from {2,3} with respect to 4 and U^p^yi). This 
yields a good coloring of G. So U^{y 2 ) = {3,4,5}. Color 0 : 00 : 4 , 0 : 20 : 3 , 0 : 30 : 4 , 0 : 40:0 with 2 , 1 , 5, 
3, respectively, and color ^ 40:2 from {4,5} with respect to 2 and U^{yi). This yields a good 
coloring of G. 

So ^ 0 ( 1 / 3 ) = {1,2,5}, and by a symmetric argument U^iyi) = {1,2,5}. We now color 
0 : 00 : 4 , 0 : 20 : 3 , 0 : 30 : 4 , 0 : 40:0 with 3, 4, 1, 5, respectively, and color 0 : 40:2 from {2,5} with respect to 
4 and U^{y 2 ). This yields a good coloring of G. 

Subcase 1.3. (q;, 0 ) = ( 3 , 4 ). 

Suppose lA^iyz) 7^ {1,2,5}. Color 0:40:2,0:20:3,0:30:4,0:40:0 with 2 , 1 , 5, 1, respectively, and 
coloro:oo :4 from {4, 5} with respect to 2 and U^iyi). This yields a good coloring of G. 

So ^ 0 ( 1 / 3 ) = {1, 2, 5}. Suppose ^ 0 ( 1 / 2 ) 7 ^ {3,4, 5}. Color 0 : 4 X 2 , X 2 X 3 , X 3 X 4 , X 4 X 0 with 5, 4, 1, 
5, respectively, and color X 0 X 4 from {2,4} with respect to 5 and U^iyi). This yields a good 
coloring of G. 
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So U^{y 2 ) = {3,4,5}. We then color xiX 2 , X 2 X 3 , X 3 X 4 ^, X 4 ^xo with 2 , 4, 5, 1, respectively, 
and color xqXi from {4,5} with respect to 2 and This yields a good coloring of G 

and proves the snbcase. 

Subcase 1.4. (a,/?) = (4,5). 

Claim. U^{yz) = {1,2,4}, and by symmetry U^{yi) = {1,2,5}. 

Proof. Suppose W 0 ( 2 / 3 ) 7 ^ {1,2,4}. Also suppose that 7 ^ {1,2,5}. Color a; 2 a; 3 , a; 3 a; 4 , a; 4 a;o 

with 4, 1, 3, respectively, and color a;ia ;2 (and XqXi) from {2, 5} with respect to 4 and U^{y 2 ). 
This yields a good coloring of G. 

So U^iyi) = {1,2,5}. Now U^{y 2 ) = {1,3,4}, otherwise color the cycle in order with 2 , 
4, 1, 4, 3. This is a good coloring of G. We then color XQXi.iXiX 2 ,X 2 X 2 ,,XiXQ with 2, 4, 5, 
3, respectively, and color X 3 X 4 from {1,4} with respect to 5 and U^{y^). This yields a good 
coloring of G and proves the claim. □ 

Now U^{y 2 ) = {3,4, 5}, otherwise color the cycle in order with 3, 5, 4, 3, 1. We then color 
the cycle in order with 5, 4, 1 , 3, 2 . This is a good coloring of G and proves the subcase. 

Up to relabeling the colors and symmetry, this completes all subcases and proves Case [ 1 ] 

Case 2. ^ 0 ( 0 : 7 ) \ {a} = {1,3}. 

In this case, a, (3 ^ {2,4,5}. By the construction of G', (f>{x 2 y 2 ) £ {3,4,5}. Up to 
relabeling, we may assume that either 0 (x 2 |/ 2 ) = 3 or (f>{x 2 y 2 ) = 5. 

Subcase 2.1. (p{x 2 y 2 ) = 5. 

Subcase 2.1.1. a = ft. 

Let a G {4, 5} \ {a}. 

Suppose U^iyz) 7 ^ {1,2,3}. Also suppose U^iyi) 7 ^ {1,2,4}. If a = 2 , color the cycle in 
order with 4, 2, 1, 3, 5. If a G {4,5}, color xoXi,x\X 2 ,XiXQ with 2, 4, d, respectively. We 
then color 0 : 20:3 (and 0 : 30 : 4 ) from {1,3} with respect to 4 and ^<^( 7 / 2 ). This yields a good 
coloring of G. So W<^(|/i) = {1, 2 ,4}. Color xoo:i, ^ 20 : 3 , 0 : 30 : 4 , x^xq with 3, 3, 1, d, respectively, 
and color 0 : 10:2 from {2,4} with respect to 3 and U^{y 2 ). This yields a good coloring of G. 

So hi^iyz) = {1,2,3}. Suppose U^iyi) 7 ^ {1,2,3}. If a = 2, color the cycle in order with 
3, 2, 1, 4, 5. If a G {4,5}, color 0 : 20 : 3 , 0 : 30 : 4 , 0 : 4 X 0 with 4, 1, d, respectively. We then color 
X 1 X 2 (and XqXi) from { 2 , 3} with respect to 4 and U^{y 2 ). This yields a good coloring of G. 

So = {1,2,3}. We now color xqXi and X 1 X 2 with 3 and 4, respectively. If a = 2, 

we color X 4 X 5 and X 5 X 0 with 5 and 4, respectively. Otherwise, we color X 4 X 5 and X 5 X 0 with 
d and 2, respectively. In both cases we color X 2 X 3 from {1, 3} with respect to 4 and U^{y 2 ). 
This yields a good coloring of G and proves the subcase. 

Since a ^ ft, there exists 7 such that {a,/ 3 , 7 } = {2,4,5}. We now show that in the 
remaining subcases, we may assume that U^{yz) = {1, 2, 3}. If U^{yz) 7 ^ {1, 2, 3}, color xqXi 
and X 4 X 0 with 3 and 7 , respectively. Then color X 1 X 2 from {2,4} with respect to 3 and 
U^fyi). Let 5 denote the color used on X 1 X 2 . We then color X 2 X 3 (and X 3 X 4 ) from {1, 3} with 
respect to 5 and ^ 0 ( 7 / 2 ). This yields a good coloring of G. So hifj,{yz) = {1, 2 , 3}, as desired. 

Subcase 2.1.2. a 7 ^ 2. 
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Suppose U^iyi) 7 ^ {1,3,4}. Color xoXi,xiX 2 ,xzXi,XiXQ with 3, 4, a, 7 , respectively, and 
color 0 : 20:3 from ( 1 , 3} with respect to 4 and U^{y 2 ). This yields a good coloring of G. 

So U^{yi) = {1,3,4}. If a = 4, color the cycle in order with 3, 2, 1, a, 7. This is a good 
coloring of G. So a = 5 and {/5,7} = {2,4}. If (3 = 2 , color the cycle in order with 4, 2 , 1 , 

4, 3. This is a good coloring of G. 

Thus, a = 5 and (3 = 4. Color xoa:i, Xia: 2 , a: 3 a; 4 , 0 : 43:0 with 2, 4, 5, 1, respectively, and color 
3 : 20:3 from { 1 , 3} with respect to 4 and ^ 0 ( 0 / 2 ). This yields a good coloring of G. 

Subcase 2.1.3. a = 2. 

Here (3 G {4,5}. Suppose hrst that (3 = 4. Also suppose U^{yi) 7 ^ {1,3,4}. Color 
0 : 00 : 1 , Xio: 2 , 0 : 30 : 4 , 0 : 40:0 with 4, 3, 5, 3, respectively, and color 0 : 20:3 from {1,4} with respect to 
3 and U^{y 2 ). This yields a good coloring of G. 

So U^iyi) = {1,3,4}. ^ 0 ( 0 / 2 ) = {2,4,5}, otherwise color the cycle in order with 4, 2 , 4, 3, 

5. We then color the cycle in order with 5, 3, 4, 5, 1. This is a good coloring of G. 

So /5 = 5. Now U^iyi) = {1,2,4}, otherwise we color the cycle in order with 4, 2, 1, 4, 3. 
We then color xo3:i, 3 : 23 : 3 , 3 : 33 : 4 , 3 : 43:0 with 5, 4, 3, 4, respectively, and color 3 : 13:2 from {2,3} 
with respect to 4 and ^ 0 ( 7 / 2 ). This yields a good coloring of G. 

This completes the proof of Subcase 12.11 
Subcase 2.2. 0 ( 3 : 22 / 2 ) = 3. 

Subcase 2.2.1. a = (3 = 2. 

Suppose U^iys) 7 ^ {1, 2,4}. Color X 2 X 3 , 3 : 33 : 4 , 3 : 43:0 with 4, 1, 5, respectively. We then color 
3 : 13:2 from {2,5} with respect to 4 and ^ 0 ( 2 / 2 ). Let 7 denote the color used on 3 : 13 : 2 , and 
color xo 3 :i from {3,4} with respect to 7 and lA^iyi). This yields a good coloring of G. 

So U^pi^ys) = {1, 2 ,4}. Suppose Up{yi) 7 ^ {1,4, 5}. Color 3 : 03 : 1 , 3 : 13 : 2 , 3 : 33 : 4 , 3 : 43:0 with 4, 5, 3, 
5, respectively, and color 3 : 23:3 from {1,4} with respect to 5 and ^ 0 ( 2 / 2 ). This yields a good 
coloring of G. 

So lApiyi) = {1,4,5}. We then color the cycle in order with 4, 2, 1, 5, 3. This is a good 
coloring of G. 

Subcase 2.2.2. a = (3 E {4,5}. 

Let a such that {a, a} = {4,5}. Suppose 7 ^ {1,2,7}. Color 3 : 23 : 3 , 3 : 33 : 4 , 3 : 43:0 with 

7, 1, 2, respectively. Color 3 : 43:2 from {2, a} with respect to 7 and ^ 0 ( 2 / 2 ). Let 7 denote the 
color used on 3 : 4 X 2 , and color xoXi from {3,7} with respect to 7 and Up{yi). This yields a 
good coloring of G. 

So Upiy^) = {1, 2, 5}. Suppose Up{yi) 7 ^ {1,4, 5}. Now color XoXi, X 1 X 2 , X 3 X 4 , X 4 X 0 with 7, 
a, 3, 2, respectively, and color X 2 X 3 from {1, 7} with respect to a and ^ 0 ( 2 / 2 ). This yields a 
good coloring of G. 

So Upiyi) = {1,4, 5}. Now ^ 0 ( 2 / 2 ) = {3,4, 5}, otherwise color the cycle in order with 2, 5, 
4, 5, 3. We then color the cycle in order with 2, 4, 1, 3, 5. This is a good coloring of G. 

Subcase 2.2.3. (a,/?) = (2,4). 

Suppose 7 ^ {1,2,4}. Color X 2 X 3 , X 3 X 4 , X 4 X 0 with 4, 1, 5, respectively. Now color 

X 1 X 2 from {2,5} with respect to 4 and ^ 0 ( 2 / 2 ). Let 7 denote the color used on X 1 X 2 , and 
color xqXi from {3,4} with respect to 7 and lApiyi). This yields a good coloring of G. 
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So lA^iyz) = {1,2,4}. Suppose U^{yi) 7 ^ {1,4,5}. Color xoXi,xiX 2 ,xzXi,X 4 ^XQ with 4, 5, 
5, 3, respectively, and 0 : 23^3 from {1,4} with respect to 5 and U^{y 2 )- This yields a good 
coloring of G. 

So U^iyi) = {1,4,5}. We then color the cycle in order with 5, 2, 1, 5, 3. This is a good 
coloring of G. 

Subcase 2.2.4. (a,/?) = (4,2). 

Suppose Gcpivs) 7 ^ {1,2,5}. Now U^iyi) = {1,2,5}, otherwise color the cycle in order 
wth 5, 2, 1, 5, 3. U^{y 2 ) = {1,3,4}, otherwise color the cycle in order with 2, 4, 1, 5, 3. 

= {1,2,4}, otherwise color the cycle in order with 3, 2, 4, 1, 5. We then color the 
cycle in order with 5, 4, 5, 4, 3. These are good colorings of G. 

So = {1,2,5}. Suppose U^{y 2 ) 7 ^ {3,4,5}. Color x\X 2 i X 2 Xs, X 3 X 4 , x^xo with 5, 4, 1, 

5, respectively, and color xqXi from {2,3} with respect to 5 and U^{yi). This yields a good 
coloring of G. 

So Utj,{y 2 ) = {3,4,5}. By the construction of G, U^{yi) 7 ^ {1,2,3}. So we color the cycle 
in order with 3, 2 , 4, 1 , 5. This is a good coloring of G. 

Subcase 2.2.5. (a,/?) = (4,5). 

Claim. U^{yi) = {1,4,5}, U^{y2) = {3,4,5}, andU^{y^) = {1,2,4}. 

Proof. Suppose hrst that 7 ^ {1,2,4}. ^<^( 2 / 2 ) = {2,3,4}, otherwise color xiX2,X2X3, 

XsXi,X4Xo with 2, 4, 1, 2, respectively, and color xqXi from {3,5} with respect to 2 and 
lAfi){yi). This yields a good coloring of G. Now U^iyi) = {1,3,5}, otherwise color the cycle 
in order with 3, 5, 4, 1, 2. We then color the cycle in order with 2, 5, 1, 4, 3. This is a good 
coloring of G. 

Thus, U^{yz) = {1,2,4}. Now suppose U^{y 2 ) 7 ^ {3,4,5}. Then U^{yi) = {1,2,4}, 
otherwise color the cycle in order with 2, 4, 5, 4, 3. We then color the cycle in order with 3, 
5, 4, 3, 2 . This is a good coloring of G. 

Thus, U^{y 2 ) = {3,4,5}. Then U,j,{yi) = {1,4,5}, otherwise color 5, 4, 1, 3, 2. This is a 
good coloring of G and proves the claim. □ 


To complete this subcase, we will reconsider the good partial coloring of G ip. Recall 
that {^(a^sj/s), 0(0:71/7)} = {1,3}. So by the construction of G', (j){xQyQ) G {2,4,5}. Since 
a = ((){xjXo) = 4 and 0 = 0(a;4X5) = 5, 0(x6//6) = 2. If 7^ {1,3,4}, we could recolor 

X4X5 with 4 and proceed as in Subcase 12.2.21 Similarly, U^iyj) = {1, 3, 5}. 

Recall that under 0 the edges of the cycle XqXi ... X 7 along with the edge a; 4 a;o are the 
remaining uncolored edges. Thus, when we ‘color the cycle in order’ we color the edges 
0 : 00 : 1 , 0 : 10 : 2 ,..., xqXt, 0 : 7 X 0 in this order. 

Suppose U^{y%) 7 ^ {2,3,5}. If (//’(xsi/s),' 0 (x 7 // 7 )) = (1,3), color X 4 X 0 with 1 and color the 
cycle in order with 3, 2, 5, 4, 5, 3, 5, 4. If {'iplx^y^), 'ipi^xryr)) = (3,1), color X4X0 with 2 and 
color the cycle in order with 3, 2, 5, 4, 1, 5, 3, 4. In either case, this is a good coloring of G. 

So hir^iy^) = {2,3,5}. If (//’(xsi/s),' 0 (x 7 |/ 7 )) = (1,3), color X 4 X 0 with 1 and color the cycle 
in order with 2, 5, 1, 3, 5, 4, 1, 4. If {%lj{x^y^)^fj^x-jy^)) = (3,1), color X4X0 with 4 and color 
the cycle in order with 2, 5, 1, 3, 5, 1, 4, 3. In either case, this is a good coloring of G. 
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Up to relabeling the colors and symmetry, this completes the proof of Subcase [2.21 and so 
completes the proof of Case [ 2 l 

Case 3. W</,(a; 7 ) \ {a} = {4, 5}. 

In this case, a, (3 ^ {1,2,3}. By the construction of G, 4’{x2y2) G {3,4,5}. Up to 
relabeling, we may assume that (f>{x 2 y 2 ) G {3,5}. 

Subcase 3.1. (j){x 2 y 2 ) = 3. 

Subcase 3.1.1. a = (3. 

Claim. = {2,4,5}. 

Proof. Let {ai,a 2 ,« 3 } = {1,2,3} so that without loss of generaltiy, a = aj. Suppose 
G.^{.yz) 7 ^ {2,4,5}. Also suppose ^ 0 ( 1 / 2 ) 7 ^ {3,4,5}. Color xqXi from { 0 /^/ 102 , 03 } \ {1}. 
Without loss of generaltiy, assume xqXi is colored with 02 - We then color x^xq with 03 . 
Color xiX 2 ,xzXi (and a; 2 a; 3 ) from {4,5} with respect to 02 and Utj,{y\). This yields a good 
coloring of G. 

So ^ 0 ( 1 / 2 ) = {3,4,5}. Color X 1 X 2 with 2. If oi = 3, color x^Xq with 02 - Otherwise, color 
x^Xq with 3. We then color xqXi,X 2 X^ (and 0 : 3 X 4 ) from {4,5} with respect to 2 and U^{yi). 
This yields a good coloring of G and proves the claim. □ 

We now color X 1 X 2 and X 2 X 3 with 2 and 1, respectively. If ai = 3, color X 4 X 0 with a 2 , 
and color xqXi (and X 3 X 4 ) from {4,5} with respect to 2 and U^{yi). Otherwise, color X 4 X 0 
with 3, and color xqXi (and X 3 X 4 ) from {4, 5} with respect to 2 and U^{yi). These are good 
colorings of G. 

Subcase 3.1.2. {a,/?} = {1,2}. 

Color X 1 X 2 , X 2 X 3 , X 4 X 0 with 2, 1, 3, respectively. We then color xqXi from {4,5} with 
respect to 2 and and color X 3 X 4 from {4, 5} with respect to 1 and ^ 0 ( 7 / 1 ). This yields 

a good coloring of G. 

Subcase 3.1.3. (a,/?) = (2,3). 

Claim. U^{yz) = {2,4,5}. 

Proof. Suppose U^iy^) 7 ^ {2,4,5}. Also suppose li^{y 2 ) 7 ^ {3,4,5}. Color XqXi and X 4 X 0 
with 3 and 1, respectively. Now color xiX 2 ,X 3 X 4 (and X 2 X 3 ) from {4,5} with respect to 3 
and lA^iyi). This yields a good coloring of G. 

So ^ 0 ( 1 / 2 ) = {3,4, 5}. Suppose U^iyi) ^ {1,4, 5}. Color xqXi, X 1 X 2 , X 2 X 3 , X 4 X 0 with 4, 5, 1, 
1, respectively, and color X 3 X 4 from {4,5} with respect to 1 and U^{y^). This yields a good 
coloring of G. 

SoW 0 (j/i) = {1,4,5}. Color xqXi, X 1 X 2 , X 3 X 4 with 3, 2, 1, respectively. We then color X 2 X 3 
(and X 4 X 0 ) from {4,5} with respect to 1 and U^{y^). This yields a good coloring of G and 
proves the claim. □ 

Suppose U^iyi) 7 ^ {1,4, 5}. Color X 2 X 3 , X 3 X 4 , X 4 X 0 with 1, 4, 1, respectively. We then color 
X 1 X 2 (and XqXi) from {4, 5} with respect to 1 and ^ 0 ( 7 / 2 ). This yields a good coloring of G. 

So lA^iyi) = {1,4,5}. Color xqXi, X 1 X 2 , X 3 X 4 , X 4 X 0 with 3, 2, 1, 4, respectively, and color 
X 2 X 3 from {4, 5} with respect to 2 and U^{y 2 ). This yields a good coloring of G. 
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Subcase 3.1.4. (a,/3) = (1,3). 

Claim. U^{yi) = {1,4,5} andU^{y 2 ) = {3,4,5}. 

Proof. Suppose first that U^{yi) ^ {1,4,5}. Also suppose U^{y 2 ) 7 ^ {3,4,5}. Color 
and XiXo with 1 and 2, respectively. We then color X 2 X^,xqXi (and X 1 X 2 ) from {4,5} with 
respect to 1 and U^{y^). This yields a good coloring of G. 

So U^{y 2 ) = {3,4,5}. Color XQXi.iXiX 2 ,X 2 X 2 ,,XiXQ with 4, 5, 1, 2 , respectively, and X 2 ,Xi 
from {4, 5} with respect to 1 and This yields a good coloring of G. 

Thus, U^{yi) = {1,4,5}. Now suppose U^{y 2 ) 7 ^ {3,4,5}. Then U^{yf) = {2,4,5}, other¬ 
wise color the cycle in order with 3, 4, 5, 4, 2. We then color the cycle in order with 2, 4, 5, 

1 , 5. This is a good coloring of G and proves the claim. □ 

To complete this subcase, we will reconsider the good partial coloring of G f). In a manner 
similar to that in Subcase 12.2.51 we deduce that = {1,4,5}, Utj,{yi) = {3,4,5}, and 

^(^^el/e) = 2. We now recolor the edges of the cycle XqXi ... xy and the edge X 4 X 0 . 

\i {'4){x^y^),'4){xjy'i)) = (5,4), suppose ^^(ye) 7 ^ {2,3,5}. Then color xqXi, XiXs, X 3 X 4 , X 4 X 5 , 
X 5 X 6 , X 6 X 7 , x-jXQ^XiXQ with 5, 2, 1, 4, 3, 5, 1, 3, respectively, and color X 2 X 3 from {4,5} with 
respect to 1 and U^{y^). This yields a good coloring of G. 

So U^iyo) = {2,3,5}. We then color xqXi, X 1 X 2 , X 3 X 4 , X 4 X 5 , X 5 X 6 , XeXy, X 7 X 0 , X 4 X 0 with 4, 

2, 1, 3, 4, 1, 5, 2, respectively, and color X 2 X 3 from {4, 5} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

A similar argument holds for (■^(xsT/s), V’( 2 : 71 / 7 )) = (4,5) when considering whether or not 
ld(j>{y%) is {2, 3,4} by switching the roles of 4 and 5. 

Up to relabeling the colors and symmetry, this completes the proof of Subcase 13.1[ 
Subcase 3.2. 0 (x 2 i/ 2 ) = 5. 

Subcase 3.2.1. a = (3 = 1. 

Suppose U^iy^) 7 ^ {2,3,4}. Also suppose U^{y 2 ) 7 ^ {3,4,5}. Color xqXi and X 4 X 0 with 5 
and 2, respectively. We then color xiX 2 ,x^x^ (and X 2 X 3 ) from {3,4} with respect to 5 and 
U(j,{yi). This yields a good coloring of G. So ^<^( 1 / 2 ) = {3,4,5}. Now U^iyi) = {1,2,3}, 
otherwise color the cycle in order with 2, 3, 1, 3, 4. This is a good coloring of G. By the 
construction of G", U^iy^) 7 ^ {1, 2 , 5}. So we color the cycle in order with 2 , 4, 1 , 5, 3. This 
is a good coloring of G. 

So U^iyz) = {2,3,4}. We now color xqXi,X 2 X 3 ,X 3 X 4 ,X 4 X 0 with 2 , 1 , 3, 5, respectively. 
If 2 ^ U^{yi), we color X 1 X 2 from {3,4} with respect to 1 and U^{y 2 ). This yields a good 
coloring of G. 

So 2 G W<^(i/i), and by a similar argument 1 G ^ 0 ( 7 / 2 ). We then color the cycle in order 
with 3, 4, 3, 5, 2. This is a good coloring of G. 

A symmetric argument holds when a = f3 = 2. 

Subcase 3.2.2. a = (3 = 3. 

Suppose U^iy^) 7 ^ {1, 2,4}. Color X 2 X 3 , X 3 X 4 , X 4 X 0 with 4, 1, 2, respectively. We then color 
X 1 X 2 from {2,3} with respect to 4 and U^{y 2 ). Let 7 denote the color used on X 1 X 2 , and 
color XqXi from {4, 5} with respect to 7 and lA^iyi). This yields a good coloring of G. 
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So = {1, 2 ,4}. Suppose U^{yi) ^ {1, 3,4}. Color Xf)Xi,xiX 2 , x^x^, X 4 X 0 with 4, 3, 5, 

2, respectively, and color X 2 X 3 from {1,4} with respect to 3 and U^{y 2 ). This yields a good 
coloring of G. 

So = (1, 3,4}. Now U^{y 2 ) = (3,4, 5}, otherwise color the cycle in order with 2 , 4, 

3, 1, 5. We then color the cycle in order with 5, 2, 3, 4, 1. This is a good coloring of G. 

Subcase 3.2.3. {a,f3) = (1,2). 

Claim. U^iys) = {1,2,4}. 

Proof. Suppose 7 ^ {1,2,4}. Also suppose 7 ^ {1,2,4}. Color xqXi,XiX 2 ,X 4 Xq 

with 4, 2, 3, respectively. We then color X 2 X^ (and X 2 ,X 4 ) from {1,4} with respect to 2 and 
G^{y 2 ). This yields a good coloring of G. 

So = {1,2,4}. Then U^{y 2 ) = {2,4,5}, otherwise color the cycle in order with 3, 

2, 4, 1, 5. = {2,3,4}, otherwise color the cycle in order with 2, 3, 4, 3, 5. We then 

color the cycle in order with 3, 2 , 1 , 3, 4. These are good colorings of G and prove the claim. 

□ 


Suppose 7 ^ {1, 2, 3}. Color X 2 X 2 ,, x^x^, x^Xq with 4, 3, 5, respectively. We then color 

X 1 X 2 (and xqXi from { 2 , 3} with respect to 4 and U^{y 2 ). This yields a good coloring of G. 

So = {1, 2, 3}. Color xqXi, xiX 2 , x^xq with 3, 4, 5, respectively. We then color X 2 X^ 

(and X 3 X 4 ) from { 1 , 3} with respect to 4 and U^{y 2 ). This yields a good coloring of G. 

Subcase 3.2.4. {a, (3) = (2,1). 

Claim. U^iyz) = {2,3,4}. 

Proof. Suppose ^ 0 ( 1 / 3 ) 7 ^ {2,3,4}. Also suppose ( 1 / 2 ) 7 ^ {2,3,5}. Color a;ia; 2 , a; 2 a; 3 , a; 3 a; 4 , a; 4 a;o 
with 2, 3, 4, 3, respectively, and color XqXi from {4,5} with respect to 2 and U^iyi). This 
yields a good coloring of G. 

So U^{y 2 ) = {2, 3, 5}. Also U^iyi) = {1,4, 5}, otherwise color the cycle in order with 5, 4, 

3, 4, 3. We then color the cycle in order with 3, 2, 4, 3, 4. These are good colorings of G 
and prove the claim. □ 

Color xiX 2 ,X 2 X 3 with 2 and 1, respectively. Color xqXi from {3,4} with respect to 2 and 
If XqXi is colored with 3, color a; 3 a ;4 and X 4 XQ with 3 and 5, respectively. If XqXi is 
colored with 4, color a; 3 a ;4 and X 4 XQ with 4 and 3, respectively. In either case, this is a good 
coloring of G. 

Subcase 3.2.5. (a,/?) = (3,1). 

Suppose U^iy^) 7 ^ {2, 3,4}. Color both X 1 X 2 and a; 4 a;o with 2. Now color xqXi from {4, 5} 
with respect to 2 and U^iyi). We then color a; 2 a ;3 (and a; 3 a; 4 ) from {3,4} with respect to 2 
and U^{y 2 ). This yields a good coloring of G. 

Color xqXi.iX 2 Xz,x^X 4 ,X 4 Xo with 2, 1, 3, 4, respectively. If 2 ^ U^iyi)., color a;ia ;2 from 
{3,4} with respect to 1 and U^{y 2 ). This yields a good coloring of G. 

So 2 G ^ 0 ( 1 / 1 ), and by a similar argument 1 G U^{y 2 ). We then color the cycle in order 
with 4, 3, 4, 5, 2 . This is a good coloring of G. 

Subcase 3.2.6. (a,/?) = (1,3). 
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Claim. U^iyi) = {1,3,4} andU^{y 2 ) = {3,4,5}. 

Proof. First suppose U^iyi) ^ {1, 3,4}. Color X 2 X^ and x^xq with 1 and 2, respectively. Now 
color x^Xi from {4,5} with respect to 1 and We then color xiX 2 (and xqXi) from 

{3,4} with respect to 1 and ^ 0 ( 2 / 2 ). This yields a good coloring of G. 

So U^iyi) = {1,3,4}. Now suppose ^ 0 ( 1 / 2 ) 7 ^ {3,4,5}. Color XQXi,XiX 2 ,X 2 X 2 ,,XiXQ with 
5, 3, 4, 2, respectively, and X 2 ,Xi from {1,5} with respect to 4 and This is a good 

coloring of G and proves the claim. □ 


To complete this subcase, we will reconsider the good partial coloring of G f). In a manner 
similar to that in Subcase 12.2.51 we deduce that U^{yf) = {1,4, 5}, ^ 0 ( 7 / 7 ) = {3,4,5}, and 
= 2. We now recolor the edges of the cycle XqXi ... xy and the edge X 4 X 0 . 

If {%l){x^y^),'4){x^y^)) = (5,4), suppose U^{y&) 7 ^ {1,2,4}. Then color xoXi,XiX 2 , X 3 X 4 , 
X 4 X 5 , x^Xq, XqXj, xyXo, X 4 X 0 with 3, 2, 4, 3, 4, 1, 5, 1, respectively, and color X 2 X 3 from {1,3} 
with respect to 4 and lA^iy^). This yields a good coloring of G. 

So U^iy^) = {1,2,4}. We then color xqXi,X 1 X 2 ,X 3 X 4 ,X 4 X 5 ,X 5 X 6 ,xexy,X 7 X 0 ,X 4 X 0 with 5, 
2, 1, 4, 3, 5, 1, 3, respectively, and color X 2 X 3 from {3,4} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

If (^/>(x 5 |/ 5 ),?/>(x 7 |/ 7 )) = (4,5), suppose U^{y&) 7 ^ {1,2,5}. Then color xqXi,X 1 X 2 ,X 3 X 4 , 
X 4 X 5 , X 5 XQ, XqXj, xyXo, X 4 X 0 with 3, 2, 4, 3, 5, 1, 5, 4, 1, respectively, and color X 2 X 3 from 
{1, 3} with respect to 4 and U^{y^). This yields a good coloring of G. 

So U^{y&) = {1,2,5}. We then color xqXi,X 1 X 2 ,X 3 X 4 ,X 4 X 5 ,XsXg,XeXy,X 7 X 0 ,X 4 X 0 with 4, 
2, 1, 5, 3, 4, 1, 3, respectively, and color X 2 X 3 from {3,4} with respect to 1 and U^{y^). This 
yields a good coloring of G. 

Up to relabeling colors and symmetry, this completes the proof of Subcase 13.21 and so 
completes the proof of Case [3l Thus, as we have exhausted all cases, the lemma holds. □ 


Proof of Lemma\Tl\ We assume fj and 0 to be as described in the proof of Lemma [T7I in Sec- 
tionO Thus, in order to extend 0, it remains to color the edges of the cycle X 0 X 1 X 2 X 3 X 4 X 5 . As 
a result, when we ‘color the cycle in order’ we color the edges xqXi, X 1 X 2 , X 2 X 3 , X 3 X 4 , X 4 X 5 , x^xq 
in this order. 

We will break the following argument into two cases depending on (^{xsys). Within each 
case we consider ^(xs) \ {a}, and within these subcases, we consider the values of a and (3. 
As in the proof of Lemma Uni we use claims to aid in the readability. 

Case 1. 0(x3|/3) = 0(x4|/4) = 1. 

Subcase 1.1. U^{xs) \ {a} = {1, 2}. 

In this case, a,l3 ^ {3,4,5}. So without loss of generality, assume a = 3 and /5 7 ^ 5. Let 
/3 be such that {/3,j3} = {3,4}. 

Claim. 4 G U^{yi), and by symmetry, (3 G U^{yi). 

Proof. Suppose 4 ^ lA , p { yi ). Let {71,72,73} = {2,3,5}. Suppose that 4 ^ lA , p { y ^). We color 
XqXi with 4, and then color X1X2 from {71,72,73} \ U^{y 2 )- We may assume X1X2 is colored 
with 7 i. We then color X 3 X 4 with 4, and color X 4 X 5 (and X 5 X 0 ) from {2,5} with respect to 
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4 and Let 7 denote the color used on and color {72,73} \ {7}- This yields a 

good coloring of G. 

So 4 G U^iijz). We color x^xi and X 1 X 2 with 4 and 71, respectively, where 71 ^ U^{y 2 ) as 
above. Suppose 71 = 5. Color x^x^ and x^Xq with 5 and 2, respectively. We then color X 2 ,Xi 
(and X 2 X^) from {2,3} with respect to 5 and ^0(1/4). This yields a good coloring of G. A 
similar argument holds when 71 = 2 by switching the roles of 2 and 5. 

So 7i = 3 and ^0(1/2) = {1,2,5}, otherwise we could recolor a;ia;2 with either 2 or 5 as 
above. Now = {1,2,5}, otherwise color the cycle in order with 4, 2, 3, 5, 2, 5. We 

then color the cycle in order with 5, 4, 2, 5, /5, 1. These are good colorings of G and prove 
the claim. □ 


Claim. U^{yi) \JU^{y 2 ) = {1,2, 3,4, 5}, and by symmetry, U^iys) UU^^y^) = {1,2, 3,4, 5}. 

Proof. Suppose that 2 ^ GU,p{y 2 ). Then = {1, 2,4}, otherwise color XqXi, X 1 X 2 , 

x^X 4 ^,XiX^,x^XQ with 4, 2, 4, 2, 5, respectively, and color X 2 X 2 , from {3,5} with respect to 4 
and U,p{y^). This yields a good coloring of G. Now U^{y^) = {1,3,5}, otherwise color the 
cycle in order with 4, 2, 3, 5, 2, 5. We then color the cycle in order with 4, 2, 3, 4, 5, 2. 
These are both good colorings of G. 

A similar argument holds if 5 ^ ^0(1/1) 11^0(1/2) by switching the roles of 2 and 5. So we 
may assume that only 3 ^ U^{yi)WU^{y 2 ) ■ Suppose 7^ {1, 3,4}. Color xoXi,X 2 X 3 , X 3 X 4 

with 4, 3, 4, respectively. We then color X 1 X 2 from {1, 2} \U^{yi), and color a;4a;5 (and x^xq) 
from {2, 5} with respect to 4 and U^piyf). This yields a good coloring of G. 

So U,p{y^) = {1,3,4}. Color XqXi and X 2 X^ with 4 and 3, respectively. We then color 
XiX 2 ,XiX^ (and x^x^jX^Xq) from {2,5} with respect to 4 and U^iyi). This yields a good 
coloring and proves the claim. □ 


Claim. U,p{yi) = {1,3,4} andU^{y 2 ) = {1,2,5}, and by symmetry, andU^iyi) = {l,/9,/9} = 
{1,3,4} andU^{ys) = {1,2,5}. 

Proof. Suppose U^iyi) = {1,4,5}. By the previous claim, U^{y 2 ) = {1,2,3}. Suppose 
fd ^ U^iy^). Color xqXi, X 1 X 2 , X 2 X 2 ,, x^^x^, x^Xq with 2, (d, (d, (d, 5, respectively. We then color 
x^X 4 with a color from {2, 5} \ U^{y 4 ). This yields a good coloring of G. 

So /5 G U,p{yz). If 2 ^ U^iyi), then by the previous claim U^{y^) = {l,2,/9} and U^piyf) = 
{l,/3,5}. Then color the cycle in order with 2, 4, 5, 2, (d, 5. This is a good coloring of G. 
Thus, U^piy/f) = {l,2,/9}, and so Upiyz) = {l,/9,5}. If /9 = 3, we color the cycle in order 
with 2, 5, 3, 2, 5, 4, to obtain a good coloring of G. \i (d = 4, we color the cycle in order 
with 5, 2, 4, 3, 5, 2, to obtain a good coloring of G. 

As above, a similar argument holds when Up{yi) = {1,2,4} by switching the roles of 2 
and 5. Thus, as 1,4 G Upiyi), the claim holds. □ 


Now color xo^i, a;ia;2, a;2a;3, a;3a;4, with 5, 4, 3, 2, 2, respectively. If /5 = 3, color x^x^ 
with 4. If = 4, color a;4a;5 with 5. In either case, we obtain a good coloring of G, which 
proves the subcase. 

Subcase 1.2. Upfx^) \ {a} = {4,5}. 
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Subcase 1.2.1. (a,/?) = (1,1). 

Claim. U^iyi) = {1,4,5}, and by symmetry U^{y 4 ) = {1,4,5}. 

Proof. Suppose U^{yi) 7 ^ {1,4,5}. Also suppose 7 ^ {1,2,3}. Then 2 e U^{y 2 ), 

otherwise color X 2 Xz,x^X 4 ,x^xo with 2, 3, 2, respectively, and then color X 4 X^,xiX 2 (and 
xoX\) from {4, 5} with respect to 3 and U^iy/f). This yields a good coloring of G. A similar 
argument holds if 3 ^ ^ 0 ( 1 / 2 ) by switching the roles of 2 and 3. So U^{ii 2 ) = {1, 2, 3}. Now 
color xo^i,a;ia; 2 ,a; 4 a ;5 with 4, 5, 5, respectively, and then color x^x^ (and X2X3,X5Xo) from 
{ 2 , 3} with respect to 5 and This yields a good coloring of G. 

So U^iyf) = {1, 2 , 3}. Suppose 2 ^ U^{y 2 ). Color X 2 Xs, X 4 X 5 , x^Xq with 2 , 3, 2 , respectively. 
We then color X2,X4,XqXi (and a;ia; 2 ) from {4,5} with respect to 3 and U^{y 4 ). This yields a 
good coloring of G. 

A similar argument holds if 3 ^ ^ 0 ( 1 / 2 ) by switching the roles of 2 and 3. So U^{y 2 ) = 
{1,2,3}. Now color xq^i, a;ia; 2 ,a; 3 a ;4 with 4, 5, 4, respectively. We then color X 4 X^ (and 
X2Xz,x^xo) from {2,3} with respect to 4 and U^{y 4 ). This yields a good coloring of G and 
proves the claim. □ 

By the existence of yiy 2 in G', U^{y 2 ) 7 ^ {1;4, 5}. Color xiX 2 ,X 2 X^,X 4 X^ with 4, 5, 4, 
respectively. Then color X2,X4,XqXi (and x^Xq) from {2,3} with respect to 5 and U^iyf). 

Subcase 1.2.2. {a, (3) = (1,3). 

Color xqXi and x^xq with 3 and 2, respectively, and color xqXi from {4, 5} with respect 
to 3 and Without loss of generality, assume xqXi is colored with 4 so that U^iyi) 7 ^ 

{1,3,4}. Now color a; 2 a ;3 from {2,5} with respect to 4 and U^{ii 2 ). Let 7 denote the color 
used on X2X2,. We then color a; 3 a ;4 from {2,3,5} \ { 7 } with respect to 7 and U^iy^). Let 5 
denote the color used on a; 3 a; 4 . If U^{y 4 ) 7 ^ {1,4, 5}, then coloring a; 4 a ;5 with 4 yields a good 
coloirng of G. Note that 7 7 ^ 5. 

So U^{y4) = {1,4,5}. Assume XqXi., X1X2, X2X2,, x^Xq are colored as above. Suppose 7 = 5 . 
If 5 ^ U^i^ys), color a; 3 a ;4 from {2,3} \ U^{y 4 ) and color a; 4 a ;5 with 4. This yields a good 
coloring of G. 

So 5 G U^iy^). Then ^ 0 ( 1 / 2 ) = {1,2,4}, otherwise color the cycle in order with 3, 4, 2 , 3, 
5, 2 . This is a good coloring of G. Since 7 = 5, and 7 7 ^ 5, U^iyi) 7 ^ {1,4, 5}. We then color 
the cycle in order with 4, 3, 2 , 4, 5, 2 . This is a good coloring of G. 

Thus 7 = 2 so that ^ 0 ( 1 / 2 ) 7 ^ {1,2,4} and U^{y 4 ) = {1,^,4} 7 ^ {1,2,4}. Now U^{y^) = 
{1, 2 , 3}, otherwise color the cycle in order with 3, 4, 2 , 3, 5, 2 . This is a good coloring of G. 
We then color X 2 X 3 , X 3 X 4 , X 4 X 5 , x^Xq with 5, 2, 4, 2, respectively, and color a;ia ;2 (and XqXi) 
from {3,4} with respect to 5 and U^{y 2 ). This yields a good coloring of G. 

Subcase 1.2.3. a = f3 = 2. 

Claim. U^iyi) = {1,4,5}, and by symmetry U^{y 4 ) = {1,4,5}. 

Proof. Suppose ^^(i/i) 7 ^ {1,4,5}. Also suppose U^iy^) 7 ^ {1,2,3}. Now 2 G U^{y 2 ), 
otherwise color X2X2,tX^X4,x^Xq with 2,3,1, respectively, and color xiX2tX4X^ (and XqXi) 
from {4, 5} with respect to 2 and U^{y 2 ). This yields a good coloring of G. Also 3 G U^{y 2 ), 
otherwise color X 2 X 3 ,X 3 X 4 ,X 5 Xo with 3, 2, 3, respectively, and color X 4 X 5 ,XiX 2 (and XqXi) 
from {4, 5} with respect to 2 and U^{y 4 ). This yields a good coloring of G. 
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So U^{y 2 ) = {1,2,3}. Suppose 7 ^ {1,2,3}. We then color 0 : 2 X 3 and X 3 X 4 with 2 

and 3, respectively, and color X 4 X 5 , X 1 X 2 (and xqXi) from {4, 5} with respect to 3 and U^iy^). 
This yields a good coloring of G. 

So U^iy^) = {1,2,3}. Suppose U^iy^ 7 ^ {1,4,5}. Now color X 2 X 3 with 2. Then color 
XiX 2 ,X 4 X 5 (and x^xi^x^x^) from {4,5} with respect to 2 and U^{y 2 )- This yields a good 
coloring of G. 

So U^iyi) = {1,4, 5}. Color X 2 X 3 and X 4 X 5 with 2 and 3, respectively. We then color X 1 X 2 
(and xoXi,X 3 X 4 ) from {4,5} with respect to 2 and U^{y 2 ). This yields a good coloring of G 
and proves the claim. □ 


Suppose U^{y^) 7 ^ {1, 2, 3}. Color xqXi, X 2 X 3 , X 3 X 4 , X 4 X 5 with 3, 2, 3, 4, respectively. Then 
color X 1 X 2 from {4, 5} with respect to 2 and U^{y 2 )- This yields a good coloring of G. 

So U^iyz) = {1,2,3}, and by symmetry, U^{y 2 ) = {1,2,3}. We then color the cycle in 
order with 4, 3, 5, 4, 3, 1. This is a good coloring of G. 

Subcase 1.2.4. (a,/?) = (2,3). 

In the following, we will assume X 5 X 0 is colored with 1. 

Claim. U^iyi) = {1,4,5}, and by symmetry U^{yi) = {1,4,5}. 

Proof. Suppose U^{yi) 7 ^ {1,4,5}. Also suppose that U^{yi) 7 ^ {1,4,5}. Now 2 G ^ 0 ( 7 / 2 ), 
otherwise color X 2 X 3 with 2, X 1 X 2 (and XqXi) from {4,5} with respect to 2 and U^{y 2 ), and 
color X 3 X 4 (and X 4 X 5 ) from {4, 5} with respect to 2 and U^{y^). This yields a good coloring 
of G. 

So 2 G ^ 0 ( 2 / 2 ), and by a similar argument 3 G U^{y 2 ). Thus, U^{y 2 ) = {1,2,3}. Since we 
are currently assuming that neither U^iyi) nor U(j){yf) is {1,4,5}, by symmetry we deduce 
that U^iy^) = {1, 2, 3}. We then color the cycle in order with 4, 5, 2, 4, 5, 1. This is a good 
coloring of G. 

So U^iyf) = {1,4,5}. Suppose hifj,{yz) 7 ^ {1,2,3}. We color X 2 X 3 , X 3 X 4 , X 4 X 5 with 3, 2, 4, 
respectively. We then color X 1 X 2 (and XqXi) from {4,5} with respect to 3 and U^{y 2 ). This 
yields a good coloring of G. 

So U^iyz) = {1,2,3}. Now color X 2 X 3 and X 4 X 5 with 3 and 2, respectively. Then color 
X 1 X 2 (and xoXi,X 3 X 4 ) from {4,5} with respect to 3 and U^{y 2 ). This yields a good coloring 
of G and proves the claim. □ 


Suppose 3 ^ ^ 0 ( 2 / 2 )- Color X 1 X 2 and X 3 X 4 with 3 and 2, respectively. Then color X 2 X 3 
(and XqXi, X4X5) from {4, 5} with respect to 2 and U^{y^). This yields a good coloring of G. 

So 3 G ^ 0 ( 1 / 2 ), and by symmetry, 2 G U^{y^). Color xqXi and X 3 X 4 with 3 and 2, respec¬ 
tively. We then color X 2 X 3 (and xiX 2 ,X 4 X 5 ) from {4,5} with respect to 2 and ^ 0 ( 1 / 3 ). This 
yields a good coloring of G. 

Up to relabeling colors and symmetry, this completes all subcases and proves Case [T] 
Case 2. fix^ys) = 0(x4|/4) = 2. 

Subcase 2.1. U^{xs) \ {a} = {1, 2}. 

Without loss of generality, assume a = 3 and /3,/3 G {3,4} such that {/9,/5} = {3,4}. 
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In the following, snppose we have colored xqXi^x^x^^x^xq with 2,1, 5, respectively. Let a 
denote this good partial coloring of G. Let { 71 , 72 , 73 } = {3,4,5}. 

Claim. 2 G and by symmetry 1 G 

Proof. Suppose 2 ^ U„{yi). Color X 1 X 2 with a color from {3,4,5} \ U„{y 2 ). Without loss of 
generaltiy, suppose it is 71 . 7 ^ { 2 , 72 , 73 }, color x^x^ (and a; 2 a; 3 ) from { 72 , 73 } with 

respect to 1 and U^iyAj. This yields a good coloring of G. 

So U^iyf) = { 2 , 72 , 73 }. We then color a;ia ;2 and X 2 X 2 , with 72 and 71 , respectively, and 
color x^xa from { 72 , 73 } with respect to 1 and U^iyA). This yields a good coloring of G and 
proves the claim. □ 

Claim. Uaiyi) \JU„{y 2 ) = {1,2, 3,4, 5}, and by symmetry U^iy^f) \JU^{yA) = {1,2, 3,4, 5}. 

Proof. Without loss of generality, suppose 71 ^ U^iyi) U (j{y 2 )- If G^iyf) 7^ {2,72,73}, color 
a;ia ;2 with 71 and color X 2 ,Xa (and a; 2 a; 3 ) from {72,73} with respect to 1 and U^iyA). This 
yields a good coloring of G. 

So U^iy^) = { 2 , 72 , 73 }. We then color a; 2 a ;3 with 71 , color a;ia ;2 from { 72 , 73 } with respect 
to 2 and U^iyi), and color x^xa from { 72 , 73 } with respect to 1 and U^iyA). This yields a 
good coloring of G and proves the claim. □ 


Without loss of generality, assume Uaiyi) = {1,2,71} and Ua{y 2 ) = {1,72,73}- Suppose 
72 ^ G^iyA). We then color X 2 ,xa with 72 and color a; 2 a ;3 (and a;ia; 2 ) from {71,73} with respect 
to 72 and U^{y^). This yields a good coloring of G. 

So U^iyA) = {1,2,72}, however a similar argument holds if 73 ^ U^iyA)- This proves the 
subcase. 

Subcase 2.2. U^{x^) \ {a} = {1,5}. 

Subcase 2.2.1. a = (3 = 2. 

Claim. U^{yi) = {1,3,5}. 

Proof. Suppose U^iyi) 7 ^ {1,3,5}. If 4 ^ U^iyf)., color X 2 X 3 , xax^, x^xq with 4, 1, 4, respec¬ 
tively, color a;ia ;2 (and xqXi) from {3,5} with respect to 4 and U^{y 2 ), and color x^xa from 
{3, 5} with respect to 1 and U^iyA)- This yields a good coloring of G. 

So 4 G U^iyf)., and by a similar argument 1 G U^iyA). Suppose 4 ^ U^{y 2 ). Color both 
X 2 Xy, and x^Xq with 4. We then color x^Xa,XqXi (and XiX 2 ,XaX^) from {3,5} with respect to 
4 and U^iyf). This yields a good coloring of G. 

So 4 G U^{y 2 ). Suppose 3 ^ U^{y 2 ). Color XQXi,X 2 X 2 ,.iXy,XA,XAX^,x^XQ with 5, 3, 5, 4, 3, 
respectively, and color a;ia ;2 from {2,4} with respect to 5 and U^iyi). This yields a good 
coloring of G. 

Thus, Utj){y 2 ) = {1,3,4}, and by the existence of yiy 2 in G', U^iyi) 7 ^ {1,3,4}. Now 
G^iyA) = {1,2, 3}, otherwise color the cycle in order with 3, 4, 5, 3, 1, 4. We then color the 
cycle in order with 3, 4, 5, 1, 4, 5. These are good colorings of G and proves the claim. □ 


By the existence of yiy 2 in G', U^{y 2 ) 7 ^ {1,3,5}. Suppose U^iyf) 7 ^ {2,4,5}. Color 
XqXi, X 1 X 2 , X 2 XS, x^Xa with 4, 3, 5, 4, respectively. Then color xaX^^ (and x^Xq) from {1,3} 
with respect to 4 and U^iyA). This yields a good coloring of G. 
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So = {2,4, 5}. By the existence of 1 / 3 I /4 in G", U^{yA) 7 ^ {2,4, 5}. So color the cycle 

in order with 4, 5, 3, 4, 5, 3. This is a good coloring of G. 

Subcase 2.2.2. a = P = 3. 

Suppose 2 ^ U^iyi). Also, suppose 7 ^ {1,2,5}. Color xqXi, X 3 X 4 , xaX 5 , x^xq with 2 , 

5, 1, 4, respectively. Then color X 2 X 3 (and X 1 X 2 ) from {3,4} with respect to 5 and U^iypj. 
This yields a good coloring of G. So U^{iia) = {1,2,5}. However, a similar argument holds 
liU^iyA) 7 ^ {1,2,4}, a contradiction. 

Thus, 2 G U^iyi), and by symmetry 1 G ^ 0 ( 1 / 4 ). Now suppose 3 ^ U^iyPj. Color X 2 X 2 , 
and x^Xq with 3 and 2, respectively. Then color X 1 X 2 , XaX^ (and XqXi, X 2 ,Xa) from {4, 5} with 
respect to 3 and U^{ii 2 ). This yields a good coloring of G. 

So 3 G and by symmetry 3 G U^{y 2 ). Now suppose U^ijji) 7 ^ {1,2,4}. Then 

U^ijjA) = {1,2,4}, otherwise color the cycle in order with 2, 4, 5, 4, 1, 4. U^ijjz) = {2,3,5}, 
otherwise color the cycle in order with 2, 4, 5, 3, 4, 5. = {1, 2, 5}, otherwise color the 

cycle in order with 2, 5, 4, 3, 5, 4. U^{y 2 ) = {1, 3,4}, otherwise color the cycle in order with 
5, 3, 4, 5, 1, 4. We then color the cycle in order with 4, 5, 3, 4, 5, 2. These are each good 
colorings of G. 

So = {1,2,4}. Then U^{yA) = {1,2,5}, otherwise color the cycle in order with 

2, 5, 4, 5, 1, 4. U^iyp) = {2,3,4}, otherwise color the cycle in order with 2, 5, 4, 3, 5, 4. 
^ 0 ( 1 / 2 ) = {1, 3, 5}, otherwise color the cycle in order with 4, 3, 5, 4, 1, 2. We then color the 
cycle in order with 5, 4, 3, 5, 4, 2 . These are all good colorings of G. 

Subcase 2.2.3. (a,/?) = (3,2). 

Claim. U^{yi) = {1,2,5}. 

Proof. Suppose 7 ^ {1,2,5}. Color X 2 X 3 , xax^, x^xq with 4, 1, 4, respectively. Then 

color X 1 X 2 (and xqXi) from {2,5} with respect to 4 and U^{y 2 ). If 4 ^ U^i^y^), color x^xa 
from {3, 5} with respect to 1 and U^ijjA). Similarly, if 1 ^ U^ijjA), color x^xa from {3, 5} with 
respect to 4 and U^iyp). These are good colorings of G. 

So 4 G ^ 0 ( 1 / 3 ) and 1 G U^{yA)- Suppose U^{y 2 ) 7 ^ {1,2,4}. Color xoXi,XiX 2 ,X 2 X^,x^Xo 
with 5, 2, 4, 4, respectively. Then color x^Xa (and XaxP) from {3, 5} with respect to 4 and 
U^iyp). This yields a good coloring of G. 

So ^ 0 ( 1 / 2 ) = {1, 2,4}, and by the existence of yiy 2 in G', 7 ^ {1, 2 ,4}. We then color 

the cycle in order with 4, 2 , 5, 3, 4, 5. This is a good coloring of G and proves the claim. □ 


Claim. ^ 0 ( 1 / 2 ) = {1,3,4}. 

Proof. Suppose ^ 0 ( 1 / 2 ) 7 ^ {1,3,4}. Also suppose W 0 (1/4) 7 ^ {1,2,5}. Color xo^i, a;3a;4, a;4a;5, 
with 2, 5, 1, 4, respectively, and color a; 2 a ;3 (and a;ia; 2 ) from {3,4} with respect to 5 and 
This yields a good coloring of G. 

So U^ijjA) = {1,2,5}. Suppose U^iypj 7 ^ {2,3,5}. Then color xoXi,X 2 Xz,x^xa,xaX 5 .iX^xq 
with 2, 5, 3, 1, 4, respectively, and color a;ia ;2 from {3,4} with respect to 5 and U^{y 2 ). This 
yields a good coloring of G. 

So = {2,3,5}. We color the cycle in order with 2, 3, 4, 3, 5, 4. This is a good 

coloring of G and proves the claim. □ 
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Now = {1,2,5}, otherwise color xoXi,xiX 2 ,X 2 X 3 ,X 3 X 4 ,X 5 Xo with 4, 3, 5, 1, 5, 

respectively, and color X 4 ^X 5 from {3, 5} with respect to 1 and This is a good coloring 

of G. We then color xqXi, xiX 2 , X 2 X 3 , X 4 ^X 5 with 4, 5, 3, 4, respectively, and color X 3 X 4 (and 
X 5 X 0 ) from ( 1 , 5} with respect to 4 and This yields a good coloring of G. 

Subcase 2.2.4. (a,/?) = (2,3). 

Claim. U^{y 4 ) = {1,2,5}. 

Proof. Suppose 7 ^ {1,2,5}. Also suppose U^{y 2 ) 7 ^ {1,3,4}. Color xqXi and 

with 5 and 4, respectively. Then color X 1 X 2 (and X 2 Xz) from {3,4} with respect to 5 and 
U^iyi). Let 7 denote the color used on XiX 2 . We then color Xy,X 4 (and x^x^) from {1, 5} with 
respect to 7 and U^{y^). This yields a good coloring of G. 

So U^{y 2 ) = {1,3,4}. By the existence of yiy 2 in G', U^iyi) 7 ^ {1,3,4}. Now color 
XqXi, X 1 X 2 , X 2 X 3 , X 4 X 5 , X 5 X 0 with 3, 4, 5, 1, 4, respectively. If 5 ^ U^iy^)., color x^x^ from 
{3,4} with respect to 1 and ^ 0 ( 1 / 4 ). This yields a good coloring of G. 

So 5 G U^iy^), and by a similar argument 1 G U^iy/f). Now U^iyi) = {1,3,5}, otherwise 
color the cycle in order with 3, 5, 4, 3, 5, 4. We then color the cycle in order with 3, 2, 4, 3, 
5, 4. These are good colorings of G and prove the claim. □ 


Claim. U^{y 2 ) = {1,4,5}. 

Proof. Suppose U^{y 2 ) 7 ^ {1,4,5}. By the existence of 1 / 3 I /4 in G' and the previous claim, 
7 ^ {1,2,5}. Then U^iyi) = {1,3,4}, otherwise color the cycle in order with 3, 4, 
5, 1, 4, 5. U^iyz) = {2,3,4}, otherwise color the cycle in order with 3, 5, 4, 3, 5, 4. 
^ 0 ( 1 / 2 ) = {1, 3, 5}, otherwise color the cycle in order with 4, 5, 3, 5, 4, 5. We then color the 
cycle in order with 4, 2 , 3, 5, 4, 5. These are each good colorings of G and prove the claim. 
□ 


Again, by the existence of y^y^ in G', U^iyz) 7 ^ {1,2,5}. So U^iyf) = {1,3,4}, otherwise 
color the cycle in order with 4, 3, 5, 1, 4, 5. Also U^iyz) = {2, 3,4}, otherwise color the cycle 
in order with 5, 3, 4, 3, 1, 4. We then color the cycle in order with 4, 5, 3, 5, 4, 1. These are 
good colorings of G. 

Subcase 2.2.5. (a,/?) = (3,4). 

Claim. ^ 0 ( 1 / 4 ) = {1,2,5}. 

Proof. Suppose U^iy^) 7 ^ {1,2,5}. Also suppose U^iyi) 7 ^ {1,4,5}. Color a; 2 a ;3 and x^Xq 
with 3 and 2, respectively. Then color a;ia ;2 (and XqXi) from {4, 5} with respect to 3 and 
^ 0 ( 1 / 2 ), and color a; 3 a ;4 (and a; 4 a; 5 ) from {1,5} with respect to 3 and U^{y^). This yields a 
good coloring of G. 

So U^iyi) = {1,4,5}. Now U^{y 2 ) = {1,3,4}, otherwise color xoXi.iXiX 2 ,X 2 X^,x^xq with 
5, 3, 4, 2, respectively, and color a; 3 a ;4 (and a; 4 a; 5 ) from {1,5} with respect to 4 and U^iyz). 
This yields a good coloring of G. 

Also U^iyz) = {2,3,5}, otherwise color the cycle in order with 4, 2 , 3, 5, 1, 2 . We then 
color the cycle in order with 5, 2 , 4, 3, 5, 2 . These are good colorings of G and prove the 
claim. □ 
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By the existence of 1 / 3 I /4 in G', U^ijjz) ^ {1, 2, 5}. 

Claim. ^ 0 ( 1 / 3 ) = {2,4,5}. 

Proof. Suppose 7 ^ {2,4,5}. Color xoXi,X 2 X^,xzXi.iX^x^,x^XQ with 5, 4, 5, 3, 2, re¬ 

spectively. If 5 ^ ^ 0 ( 1 / 1 ), color X 1 X 2 from {2,3} with respect to 4 and U^{ii 2 ). This yields a 
good coloring of G. 

So 5 G ^ 0 ( 1 / 1 ), and by a similar argument 4 G U^{ii 2 ). We then color the cycle in order 
with 2 , 3, 5, 1, 3, 5. This is a good coloring of G and proves the claim. □ 


Now ^ 0 ( 1 / 2 ) = {1,4,5}, otherwise color xqXi, X 2 ,X 4 ^.i x^x^, x^Xq with 2, 1, 3, 5, respectively, 
and then color a;ia ;2 (and a; 2 a; 3 ) from {4, 5} with respect to 2 and U^iyi). This yields a good 
coloring of G. We then color xqXi., X 2 X 2 ,, x^X 4 ^.i x^x^., x^Xq with 5, 4, 3, 5, 2 , respectively, and 
color a;ia ;2 from { 2 , 3} with respect to 5 and U^iyi). This yields a good coloring of G. 

Up to relabeling colors and symmetry, this proves the subcase. 

Subcase 2.3. U^{x^) \ {a} = {4,5}. 

Subcase 2.3.1. a = 1 and fd G {1,2}. 

Claim. ^ 0 ( 1 / 4 ) = {2,4,5}. 

Proof. Suppose U^iyi) 7 ^ {2,4, 5}. Color xo^i, a; 2 a; 3 , x^Xq with 2, 3, 3, respectively, and color 
a; 3 a ;4 (and x^^x^) from {4,5} with respect to 3 and U^iy^). If 2 ^ U^iyi), color a;ia ;2 from 
{4, 5} with respect to 3 and U^{y 2 ). This yields a good coloring of G. 

So 2 G U^iyi), and by symmetry 3 G U^{y 2 ). Suppose 3 ^ U^iyz). Color both a; 2 a ;3 and 
x^Xf) with 3. We then color xiX 2 ,XiX^ (and xo^i,a; 3 a; 4 ) from {4,5} with respect to 3 and 
U^{y 2 ). This yields a good coloring of G. 

So 3 G U^iy^). Suppose 1 ^ U^iy^) or {4,5} PU^iyf) = 0- Color xo^i,a; 3 a; 4 ,XsXq with 2, 
1, 3, respectively. Then color a;ia; 2 , x^^x^ (and a; 2 a; 3 ) from {4, 5} with respect to 2 and U^iyi). 
This yields a good coloring of G. 

So without loss of generality, U^iyi) = {1,2,4}. Now U^iyi) = {1,2,5}, otherwise color 
the cycle in order with 2, 5, 4, 1, 5, 3. We then color xq^i, a;ia; 2 ,a; 4 a ;5 with 2, 3, 3, respec¬ 
tively, and color a; 2 a; 3 , x^xq (and a; 3 a; 4 ) from {4, 5} with respect to 3 and U^{y 2 )- This yields 
a good coloring of G and proves the claim. □ 


Recall that by the existence of in G', U^iy^) 7 ^ {2,4,5}. Suppose U^{y 2 ) 7 ^ {1,4,5}. 
Color xqXi and a; 4 a ;5 with 2 and 3, respectively. Then color xiX 2 ,x^Xi (and X 2 X^,x^Xf)) from 
{4, 5} with respect to 2 and U^iyi). This yields a good coloring of G. 

So ^ 0 ( 1 / 2 ) = {1,4,5}, and by the existence of yiy 2 in G', U^{yi) 7 ^ {1,4,5}. U^{y^) = 
{1, 2 , 3}, otherwise color the cycle in order with 4, 5, 3, 1, 5, 3. This is a good coloring of G. 

If /9 = 2, color the cycle in order with 4, 5, 3, 4, 1, 3. \i (3 = 1, color xiX 2 ,X 4 X 5 ,x^Xq 
with 3, 3, 2, respectively, and color xqXi^x^x^ (and X 2 X^) from {4,5} with respect to 3 and 
Utpiyi). This yields a good coloring of G. 

Subcase 2.3.2. (a,/!) = (2,1). 

Claim. Utpiyi) = {1,4,5}, and by symmetry Utpiyf) = {2,4,5}. 
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Proof. Suppose U^iyi) 7 ^ {1,4,5}. Also suppose 7 ^ {2,4,5}. Then color both X 2 Xz 

and with 3, color X 1 X 2 (and xqXi) from {4,5} with respect to 3 and U^{y 2 ), and color 
X 3 X 4 ^ (and X 4 X 5 ) from {4, 5} with respect to 3 and U^iy^). This yields a good coloring of G. 

So U^iyi) = {2,4,5}. Suppose U^{y 2 ) 7 ^ {1,4,5}. We then color XQXi,XiX^.iX^XQ with 3, 
4, 3, respectively, and color xiX 2 ,x^Xi (and X 2 X^) from {4, 5} with respect to 3 and U^iyi). 
This yields a good coloring of G. 

So U^{y 2 ) = {1,4, 5}. Also U^iyi) = {1, 2 , 3}, otherwise color the cycle in order with 3, 2 , 
4, 5, 3, 5. U^iy^) = {1, 2, 3}, otherwise color the cycle in order with 4, 5, 3, 1, 4, 3. We then 
color the cycle in order with 4, 2 , 5, 3, 4, 3. These are good colorings of G and prove the 
claim. □ 


Now color xiX 2 ,X 3 X 4 ,X 5 Xo with 3, 1, 3, respectively. If 3 ^ U^{y 2 ), color X 2 X^ (and 
xoXi.iX^x^) from {4,5} with respect to 1 and U^iyz). This yields a good coloring of G. 

So 3 G ^ 0 ( 1 / 2 ), and by a similar argument 1 G U^{y^). Similar arguments show that 
2 G U^{y 2 ) and 3 G U^iy^) by coloring xiX 2 ,X 3 X 4 ^,X 5 Xo with 2, 3, 3, respectively. 

So ^ 0 ( 1 / 2 ) = G^ivs) = {1, 2, 3}. We then color the cycle in order with 3, 5, 4, 5, 3, 4. This 
is a good coloring of G. 

Subcase 2.3.3. a = f3 = 3. 

Claim. U^iyi) = {1,4,5}, and by symmetry U^{y 4 ) = {2,4,5}. 

Proof. Suppose U^iyi) 7 ^ {2,4, 5}. Color xqXi, X 2 X 3 , x^xq with 2, 3, 1, respectively, and color 
X 3 X 4 (and X 4 X 5 ) from {4,5} with respect to 3 and U^{y^). If 2 ^ U^{yi), color X 1 X 2 from 
{4, 5} with respect to 3 and U^{y 2 ). This yields a good coloring of G. 

So 3 G ^ 0 ( 1 / 2 ) and by a similar argument 2 G U^iyi). Suppose 3 ^ U^{y^). Color X 2 Xz 
and x^xo with 3 and 1, respectively. Then color xiX 2 ,X 4 X 5 (and xqXi^x^x^) from {4,5} with 
respect to 3 and U^{y 2 ). This yields a good coloring of G. 

So 3 G U^iy^). Suppose 1 ^ U^iy^) or {4,5} PU^{y 4 ) = 0. Color xqXi.iX 2 ,X 4 ,x^Xq with 2, 
1, 1, respectively. Then color XiX 2 , x^x^ (and X 2 Xz) from {4, 5} with respect to 2 and U^iyi). 
This yields a good coloring of G. 

So without loss of generality, U^iyi) = {1,2,4}. Then U^{y\) = {1,2,5}, otherwise color 
the cycle in order with 2, 5, 4, 1, 5, 1. U^iys) = {2,3,5}, otherwise color the cycle in order 
with 2, 4, 5, 3, 1, 4. U^{y 2 ) = {1,3,4}, otherwise color the cycle in order with 2, 3, 4, 5, 1, 
4. We then color the cycle in order with 4, 5, 3, 4, 5, 1. These are each good colorings of G 
and prove the claim. □ 


Recall that by the existence of yiy 2 and y^y^ in G", U^iyz) 7 ^ {2,4, 5} and U^iy^) 7 ^ {2,4, 5}. 
Thus, we color the cycle in order with 2, 4, 5, 4, 1, 4. This is a good coloring of G. 

Subcase 2.3.4. a = 3 and fd G {1,2}. 

Let jd G {1,2} such that {/9,/9} = {1,2}. 

Claim. ^ 0 ( 1 / 4 ) = {2,4,5}. 

Proof. Suppose U^iy^) 7 ^ {2,4,5}. Also suppose U^iyi) 7 ^ {1,4,5}. Color X 2 X 2 , and x^Xq 
with 3 and /3, respectively. Then color a;ia ;2 (and XqXi) from {4,5} with respect to 3 and 
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W</,(|/ 2 ), and color 0 : 30:4 (and 0 : 40 : 5 ) from {4,5} with respect to 3 and U^pi^ys). This yields a 
good coloring of G. 

So Upiyi) = (1,4, 5}. Now suppose Up{y 2 ) 7 ^ {1, 2, 3}. Color xoo:i, 0 : 10 : 2 , 0 : 20 : 3 , x^xq with 5, 

2, 3, /3, respectively. Then color ^ 30:4 (and 0 : 40 : 5 ) from {4,5} with respect to 3 and Upiy^). 
This yields a good coloring of G. 

So Up{y 2 ) = {1,2,3}. Now color xqXi, X 1 X 2 , X 3 X 4 ^, x^xq with 5, 2, 3, respectively. If 
3 ^ Upi^ys), color 0 : 40:5 (and 0 : 20 : 3 ) from {4,5} with respect to 3 and Upiy^). This yields a 
good coloring of G. 

So 3 G Upi^ys), and by a similar argument 3 G Upiyi). Now color xio:2,0:40:5,0:50:0 with 2, 

3, /5, respectively. Then color 0 : 30 : 4 , 0 : 90:1 (and 0 : 20 : 3 ) from {4, 5} with respect to 3 and Upiy^). 
This yields a good coloring of G and proves the claim. □ 


Recall that by the existence of y^y^ in G', Up{y^) 7 ^ {2,4,5}. Color X1X2,0:40:5,0:50:0 with 
2,3, (3, respectively. If 2 ^ Up{yi), color 0:20:3 (and 0:90:1,0:30:4) from {4,5} with respect to 2 
and Up{y 2 ). This yields a good coloring of G. 

So 2 G Up{yi), and by a similar argument 2 G Up{y2). We then color 0:90:1,0:20:3,0:30:4,0:5X9 
with 2, 4, 5, 4, respectively, and color X 1 X 2 from {3,5} with respect to lApiyi). If /? = 1, 
color X 4 X 5 with 3. If = 2, color X 4 X 5 with 1. In either case we obtain a good coloring of G. 

Up to symmetry and permuting colors, this completes the subcase, and so completes the 
proof of Case [ 2 l As we have exhausted all cases, the lemma holds. □ 
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